A CRITERION FOR THE EXPLICIT RECONSTRUCTION OF A 
HOLOMORPHIC FUNCTION FROM ITS RESTRICTIONS ON 

LINES 



AMADEO IRIGOYEN 



Abstract. We deal with a problem of the explicit reconstruction of any holo- 
morphic function / on <C 2 from its restricions on a union of complex lines. The 
validity of such a reconstruction essentially depends on the mutual repartition 
of these lines, condition that can be analytically described. The motivation of 
this problem comes also from possible applications in mathematical economics 
and medical imaging. 
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1. Introduction 

1.1. Presentation of the problem. In this paper we deal with a problem of the 
reconstruction of a holomorphic function from its restrictions on analytic subvari- 
eties. The general presentation is the following: let / be a holomorphic function on 
a domain f2 C C" and {Zj}jL x a family of analytic subvarieties of f2. We assume 
that we just know the data f\{Zj} N 1 := {f\Zj}jLi ancl we want to find /. One can 
give interpolation functions /at G O (£1) that satisfy fN\{z j } N _ 1 — f\{z j } N _ 1 ( see 0), 
but generally /jy 7^ / (since there exist nonzero holomorphic functions that van- 
ish on a finite union of analytic subvarieties). Then a natural way is to consider 
an infinite family of subvarieties {Zj}°°^ 1 and construct the associate interpolating 
f{z j } j>1 as limAT-^oo /jv . In this case the uniqueness of the interpolating function 
will certainly be made sure but now without any guaranty of the convergence of 
the sequence (/jv)jy>i- Moreover, in case of positive result, we are motivated to 
give explicit reconstruction formula. 

In this paper we will deal with the special case of C 2 and a family of distinct 
complex lines that cross the origin. Such a family can be described as 



(1.1) 



{{zGC 2 , Z 1 -T) j Z 2 = 0}} j 



2 



AMADEO IRIGOYEN 



with rjj G C all different, that we will simply denote by rj = {r)j}j>i (without loss 
of generality we can forget the line {z 2 = 0} that is associate to r/o — oo). On the 
other hand, we consider an entire function / G O (C 2 ) and assume that we know 
all its restrictions fj G 0(C), Vj > 1, where 

(!- 2 ) {/i)i>i : = {f\{zi=v 3 z 2 }} ^ ■ 

A way to give the interpolation function /jv is the one that uses the following 
relation that is proved in [7] by using residues and principal values: B2 (resp. §2) 
being the unit ball {z G C 2 , |zi| 2 + |z 2 | 2 < 1} (resp. unit sphere { |zi| 2 + |z 2 | 2 = 1}), 
one has, V z G B 2 , 

f[z) = lim 1 f /(C)det(C,Piv(C^))^(C) 



(2z^) 2 yc gs „|nr =1 (c 1 - w &)H njLi(d - < >) 

Uf=M-V i^) f /(C) ^(C) a«(C) 



(2z^) 2 iceS2,|nf =1 (d-^C2)|>e nj=i(2i -»Zj«2)(1- < 6* >) : 
with 

fa/(C) = CidCa-C2dCi, 
\ w (0 = dCiAdC 2 , 

and Pat(C,z) e (O (C 2 )) 2 satisfying, for all ((,z) e C 2 x C 2 , 

<Pjv(C),C-^> = PjV,l(C,2)(Cl-«l) + ^,2(C,«)(C2-«2) 
AT N 

Both integrals can be explicited and yield to (Section [2l Lemma [TJ: Vz G C 2 , 
(1.3) /(z) = E N (f; V )(z)-R N (f; V )(z)+ £ a M z*4 , 



kj 



where ^ fc ;>0 ak,iZ\ z 2 is the Taylor expansion of / 

N I N \ N 



P =i \ 3 = P +i h=p + l%i ni=p^,(»7« - 



m>N—p 

and 

(I., w/„ ><=>:=£( ft ™) e -'K^f™ 

p=i y=ij^ p /p y k+i>N v 

The formula E^(f;r]) is an explicit interpolation formula constructed with the 
data (/1, . . . , /at): it is an entire function that coincides with / on the first N lines, 
ie Vp= 1,...,JV, 

(-Ejv(/;^))| {zi=T , p22 } = f\{ zl = Vp z2} ■ 

As N — > 00, the function / — E]y(f;r)) will be a holomorphic function that will 
vanish on an increasing number of lines. If Eff(f;rj) is uniformly bounded on any 
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compact subset K C C 2 (in particular if it converges to some function) , then by the 
Stiltjes-Vitali-Montel Theorem, there will be a subsequence of f—Ejf(f; rf) that will 
converge to a holomorphic function that will vanish on an infinite number of lines. 
So this limit will be 0. In fact, any subsequence will have another subsequence that 
will also converge to 0. It will follow that the sequence / — E^(f;r]) will converge 
to 0, ie En(/\ rf) will converge to / (see p] and [8] for examples of positive results 
of reconstruction). 

The problem is that we do not have any control a priori of the function E^(f] rf) 
and do not have any idea if Ej^j(f;ri) is always uniformly bounded for any / £ 
O (C 2 ). In fact, this is false and one can construct special subsets {r]j}j>i ( see 
Section Proposition [2]) for which Ejf(f\rj) is not bounded for any / (ie there 
exists / eO (C 2 ) such that E^ifir]) does not converge). Conversely, if we choose 
for / a polynomial function, the formula E]y(f]r]) will converge for any subset 
{r]j}j>i- Finally, if we choose special subsets for {r]j}j>i like real lines or circles of 
C, the formula E^{f; rf) will always converge to / (Theorem[3]). Therefore we want 
to reduce the problem of the convergence of Ej^(f; rf) to the one of classifying the 
good subsets {r]j}j>i (i e the ones for which Epj(f] rf) converges for every /) and the 
others (the ones for which there is -at least- a function / such that E^(f; rf) does 
not converge). 

On the other hand, since for any compact subset K C C 2 , 



sup 



E 

k+l>N 



k I 

ak,iz 1 z 2 



N- 



0. 



the relation (jl.3l) allows us to reduce the problem of the convergence of Eiy(f;r]) 
to the one of the formula i?Ar(/;?y). A preliminar property about the Lagrange 
interpolation polynomials (Section [21 Lemma |4| yields to 

N-l p 

RNihvm = E^-^n^-^ 2 ) x 



(1.6) 



p=0 

x A 



/ i 7 \ m ~ N + 1 

c- E (tti<f) £ 

m>N v ISI 7 



k-\-l—m 



{Vp+i) , 



where the function A„ is defined as follows: 



(1.7) Ao.efoXfft) 
A P+i,(np+i,Vp-,Vi)(9)(Vp+2) 



Ap,( Vp ,..., m )(g)(y P +2) - A Pt ( 7lpi ... iVl )(g)(i] p+ i) 



Vp+2 - Vp+i 

A p means the discrete derivative of g. A control of these A p will allow us to get a 
control of Ri^(f;rj). For example, the A p of a holomorphic function looks like its 
usual iterative derivative (Section [21 Lemma [6]). Nevertheless, a non holomorphic 
function, even C°° , can have a A p without any control (Section Lemma [20]) . It 
follows that, in the case of Rn(J', rf), the non-validity of the convergence for every 
/ is linked to the fact that, in its above expression (|1.6I) . there is the A p of a non 
holomorphic function with respect to ( G C (although it is C°° , bounded on C and 
uniformly converges to as — ¥ oo). This should allow us to reduce the problem of 
the control of Rn(I', rf) to the one of the A p of the function £, that will be specified 
in the following subsection. 
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1.2. Results. In this part we give the results of this paper. The first gives an 
equivalent criterion about the convergence of Epf(f', vf) for every /, for the case 
when the subset {?7j }j>i is bounded. 

Theorem 1. Let {r/j}j>i be bounded. Then the interpolation formula E^{f;r]) 
converges to f uniformly on any compact K C C 2 and for all f £ O (C 2 ) , if and 
only if {r)j}j>i satisfies the following condition: 3 R n > 1 (that only depends on 
{Vj}j>i), Vp,g > 0, 



(1.8) 



A 



p,(v P , 



c 



1 + ICI 5 



< 



First, we see that the convergence of E^{f\rj) is linked to the control of the 
A p of a non holomorphic function. Next, this is an analytic criterion that only 
depends on the configuration of the points rjj, j > 1, and does not involve any 
function / e O (C 2 ). 



We also give an extension of this result for the case when {r/j}j>i can be not 
bounded but is not dense in C. Let be 7700 € C \ {rij}j>i an d set, for all j > 1, 

(1.9) 9i := 1±^, 

Vj - Vao 

Then the set {9j}j>i is bounded and an application of Theorem[T]with the 6j yields 
to the following more general result. 



Theorem 2. Let assume that {r]j}j>i * s n °t dense in C. Let be any rj^ ^ {Vj}^! 
and the associate set {0j}j>i- Then for all f G O (C 2 ) the interpolation formula 
E^{f\rj) converges to f uniformly on any compact K C C 2 , if and only if {dj}j>i 
satisfies the condition U.8\) of Theorem^ ieBRg > 1, Vp, q > 0, 



C 

1 + ICI 2 



7 p+i 



•'- R p a +q - 



Now we will give another condition for the set {r/j}j>i to make converge any 
Ex(f; 77), that is more natural to be expressed. First, we give the following defini- 
tion. 

Definition 1. {i]j}j>i is real-analytically interpolated if, for all £ S {Vj}j>i> there 
exist a neighborhood V of C and g £ 0(V) such that, V?/j € V, 

Vj = 9{Vo) ■ 

Although the conjugate function £ is not holomorphic, this condition means that 
the closure of {rjj}j>\ can be embedded in some subset on which Q locally coincides 
with a certain holomorphic function. It follows that any rjj is locally in the zero set 
of some real-analytic function: (x, y) E V C K 2 H> x ~ iy — g(x + iy). 

Then we can give the following result that is a sufficient condition for the set 
{r]j}j>i to make converge Ejs;(f;ri) for every function /. 

Theorem 3. // {?7j}j>i is real-analytically interpolated, then for all f £ O (C 2 ), 
the interpolation formula Etsi{f\ rf) converges to f uniformly on any K C C 2 . 
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The condition for {r]j}j>i to be real-analytically interpolated is also linked to 
the uniform control of its A p Kj (Section [H Proposition [T|). This is an analogous 
condition to (|1.8[) , but with a uniform estimation on the subsequences (?7j f ,)fe>i and 
the same constant R v (Section [H Definition [5]). 

On the other hand, we understand why the convergence of EN(f;rj) is always 
true for subsets like lines. For example, the subset R is the set of z € C such that 
z = z. In the same way, ?R = {z = — z}, and more generally, any real line D of C 
can be written as {z € C, adi z + b^s z + c = 0}, with (a, b) € R 2 \ {(0, 0)}, then 

D = I a h b h c = ^ = <z = -—2 — } . 

\ 2 2i J \ (a + i6)/2J 

In the same way, any circle C of C can be written as {z £ C, \z — zq\ = r}, with 
G C, r > 0, then 

C = |(z - z )(z - z ) = T" 2 } = |^ = ^o + J~ | ■ 

Another fact is that the real- analytical condition for {%}j>i can also be refor- 
mulated as a real- analytical dependence of the family ({21 —r)jZ% = 0}) J>15 for- 
mulation that can be extended in the case of any family of analytic subvarieties 
{Zj}j>\ of any domain c C". 

This also yields to another natural question: is this condition necessary? We 
think that it should not be the case since the formula E^{f;rj) still converges 
for a lots of subsets {r]j}j>i that are in greater number than the ones that are 
real-analytically interpolated. 

Nevertheless, we will see that this condition cannot be completely forgotten. 
Indeed, we will construct in Section[5] (Proposition^ a bounded sequence (rjj)j>i C 
iUil that converges to without staying in R or tSL, and does not satisfy the 
condition (|1.8[) of Theorem [1] (then En(J] rj) cannot converge for every function /). 

Another fact that we want to specify is that the formula E^(f; 77) is a canonical 
interpolation formula in the meaning that it is essentially the most simple inter- 
polation formula that fixes the polynomials of degree at most N — 1 (Section [21 
Lemma [8]) , ie 

(1.10) VPeCiv-i[zi,22], E N (P;n) = P. 



This problem of explicit reconstruction is also motivated by possible applications 
in mathematical economics and medical imaging. We want to reconstruct any 
given function F with compact support K C R™ from the knowledge of its Radon 
transforms (RF) (0j,s), (0j,s) E §" _1 x R, on a finite number of directions j — 
1,...,N (see gj and 0). 

I would like to thank G. Henkin for having introduced me this interesting problem 
and J. Ortega-Cerda for all the rewarding ideas and discussions about it. 
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2. Some preliminar results 

2.1. Equality of residues/principal values. We remind from Introduction ([7], 
Proposition 1) that, for all / G O (B 2 ), one has 

f{z) lim 1 f /(C)det(C,Pjv(C^))^(C) 



'e'To (2ztt)2 7| nf=l(Cl ^ if2 )| =e nf =1 (Ci - ^C 2 )(i- < C,Z >) 



£ ^o (2 i7 r) 2 7i r 



|nf =1 (Ci-%C2)|> £ n 3= i(^i < C,z >) 2 

the integration being on the unit sphere S2 = {C € C 2 , |Ci| 2 + IC2I 2 = 1}, with 

fa/(C) = Cid6-6dCi, 

and P N ((, z) G (O (C 2 )) 2 is such that, for all (£ z) e C 2 x C 2 , 

AT AT 

< p JV (c,2),c-^> = n^ i_? ?^ 2 ) _ n( zi ~^ z2 ) 

3=1 3=1 

(see [7], Lemma 7 for an explicit expression of P/v). 

We also have the analogous following relation (j7J, Proposition 2) 

(2.2) /(z) = lim 1 /" /(Odet(C,ftr(C,*))a,(0 



(^) 2 J be. nf=i(Ci - *7iCa)(l- < Cz >) 
lim njLi(^i-^2) / /(C)o/(C)Au,(C) 



where 



(2^) 2 y Se nf =1 (^-^2)(i-<c^» 



N 

(J {C e § 2 , ay + e < IC1I < "j+i - e} 



and for all p = 1 , . . . , N 

\v P \ 



(2.3) 



with ai < c*2 < • • • < % (that one can assume without loss of generality) and 
the convention that ag — and «jf +1 = 1. This allows us to explicit both above 
integrals and get the following relation: for all / € O (B2) and z € B2, 

(2.4) f(z) = E N (f; V )(z)-R N (f; V )(z)+ £ a Kl z\z\, 

k+l>N 

where 

(2-5) f(z) = °M*i4 > 

fej>0 
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is the Taylor expansion of / (that absolutely converges on B2) 

N N N _ 

1 + r) p r) q 1 



(2.6) 



n {z 1 -t 1j z 2 )Y j y 



Uj=pJjtqiVq ~Vj) 



x E 

m>N—p 



Z2 + r/qZl 

1 + KI 2 



m—N+p 



N N 



N 



E II ( z i-VjZ 2 )J2j 



1 + VpVq 



1 d m 
m\ dv r 

1 



\v=o[f(riqV,v)] 



p=l j=p+l 



q=p 



/ . — \ k+l-N+p 

Ek ( z 2+ T) q Z\ N 



k+l>N-p 



and 
(2.7) 



N N 



j2 rr Zl z ^ 22 



p =1 j'=i,i/p 



, \ m-N+l 

Z 2 + VpZl 



\Vp\ 



1 d m 

< —^—\v=o[f(r)pV,v)] 



N N 



, x k+l-N+1 

k z 2 + n P zi 



= E II 1 _ J 2 E ak < l % l -1 _ 1 1 > 
p=i j=lij¥ y Vp k+l > N \>- + \Vp\ 

This equality holds if / € O (C 2 ). Since by Cauchy-Schwarz 

z 2 + rfp~zi 



^i| 2 + k2| 2 yT+kF < 



1 + kl 2 

for all z 6 C 2 and p = 1, . . . , JV, £W(/; 77) and Rn{J] v) are still absolutely conver 
gent series then are still well-defined for zeC 2 . Then by analytic extension, (|2.4| 
holds for all z £ C 2 . 

Now we will prove the following preliminar result. 

Lemma 1. For all N > 1 and z £ M2, 



lim 



1 



/(C) det (c/MC^HQ 

(2 i7 r) 2 i|nf =1 (Ci- % 6)|= £ nti(Ci - »7jCa)(l- < (,z >) 



= lim 



/(C) det (C,Pat(C,z)HC) 
6 (2*rr) 2 y aSe n ^ =i(Cl _ %C2 )(1_ < £ z >) 



lim — 



(2 i7 r) 2 



/(C)w'(C)Aw(0 



nf = i(ci-wC2)|> £ n^Li( z i -%22)(i- < c,z >y 



.. njLi(2i-»?j*2) 

lim — ; 



/(Oc'(C)Ac(C) 



s = n^i( z i -»?j«2)(i- <c,2 >) 2 



Before giving the proof of the lemma, we begin with this first result. 
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Lemma 2. We define for all p = 1, . . . , N 

N 



(2.8) c P = n 



h -v P \ 



Then 



. nJLi(«i-»?^2) /■ /(Ou'(C)Aw(C) 



lim 



( 2 ^) 2 •/|nf. 1 (c 1 - t)3 c 2 )|>.nf=i^i-%^)(i-<C^>) 5 



nJLi(«i-»7^2) /■ /(Ow'(c)Aw(o 



lim 



( 2 ^) 2 ^nf =1 {|C 1 - % C2|>2e/C j } n;=l(^l - %^2)(l- < C,Z >) 2 ' 

Proof. First, z e B 2 being fixed, one has to integrate the following 3-differcntial 
form 

*>(0 



nf = i(Ci-%-c 2 )' 

with p a 3-form that is C°° on § 2 (since | < C, z > \ < ||CII Ikll < !)• 
On the other hand, one has 

(2-9) % n {Ci = «7iC2} = {Ci = 7iC2, Ki|=Op}- 

For all e > small enough, if IljLi ICi — Vj&l — £ i then 3p, |Ci — r7 P C2 1 < s 1 ^ and 

\Vp - Vj\ 



e > n id - ^c 2 i ~ ici-^init-^i ~ ici-^c 2 in7= 

i =1 j¥=p j^p V 

~ Cp|Ci — »7 P C2| , 

thus 

!N "I Af 

I] Ki - V&\ < 4 C |J {|Ci - %C 2 | < 2 £ /Q} =: B e 
i=i J i=i 

(the union being disjoint for e small enough since the rjj are all differents). Since 

r y(Q = /■ y(Q | f <p(Q 

j§2\A e n^Li(Ci - %<2) js 2 \b e njLi (Ci - %C2) rijLi(Ci - ' 

in order to prove the lemma it is sufficient to prove that 
(2.10) f ► 0. 



A CRITERION FOR THE RECONSTRUCTION OF A HOLOMORPHIC FUNCTION 9 



One has 



<p(C) 



B e \A s rifcl(Cl -%<2) 



< 



< 



< 



nf=i(Ci-^c 2 ) 



N 

E 

J = l"'{|Ci-'7 J C2|<2e/C J: n™i ld-'KC2|>e} 

i N r 

jE/ 1^(01 

e j=i- / {Ki-'?iC2i<2 e /c 3 -,n£ 1 ici-'7»f2i> e } 
JE/ WOI 

AT 



v(0 



= ~E/ woi. 

the last equality coming from (12.91) . Since <£> is bounded on S 2 , for j = 1, . . . , N one 
has 

aj+bjS 

\<p(0\ < M / 2rdr 

{|Cl-') 3 C2|<2 e /C J },||Cl|-a J |<& J e} 

For all e small enough and £2 hxed, 

' Ci 



Oin—bn€ 



d6 2 



Arg(&) = Ar g(r) j C2) + Arg 



Arg{r ]j <; 2 ) + -SLog[ 1 



= ArgfaCa) + Arg [ 1 + 
0(s 



ICaNV^i 3 J\Cl\=r,\( x -r, j C2\<2e/C j 
Cl - ^<2 S 



%C2 



7 h(2 

Argfab) + 0(e) , 



then 

raj+bj€ 



I 2rdr / d0 2 \ 



d0i 



K2| = v / T^ 3 J\Ci-V j C2\<2e/C j ,\t 1 \=r 



2rdr / d0 2 O{e 

= 0(e 2 ). 



Finally 



f{0 



= -NO(e 2 ) = 0(e) >0. 



Now we can prove Lemma [T] 



Proof. By relations (|2.ip and (|2 . 2[) . in order to prove the lemma it is sufficient to 
prove the second equality. By the previous lemma it is sufficient to prove that 



.. Uf=i( z i-VjZ 2 ) 
lim . , 

•' ( 2 ^) 2 hf =1 {\Ci-V 3 C2\>2e/C ]} ULM ~ <(,Z>) 



/(0w'(C)Aw<C) 



hm — 

e^o (2iir) 2 



(2.11) 



^ nli(^-^^)(i-<c^>) 5 



If 3 Vjo = then {|Ci-?7ioC2| > 2e/C jo } = {|Ci| > 2e/C io }. Since 1/Ci is defined 
in the neighborhood of any {||Ci| — &j\ < bje}, one just has to consider the case of 
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Vj 0j 3 7^ jo with (p(()/(i- So one can assume that r\j ^ 0, Vj = 1, . . . , TV (then 
ay > 0). Without loss of generality, one has 

N K 

B £ C \J{\\Ci\ -aj\<b jE } = \J{\\Ci\-a jk \<b jk e} =: C e , 

i=i fe=i 

with ai = • • • = aj 1 ^ o^+i = ■ ■ ■ = <Xj 2 " " " a j K -i+i = ■ ■ ■ = aj K . Then for 
all e small enough, 

K 



C e \B £ = U({||Ci|-a J -J<c^}\S e ) 
fe=i 

K 

= U D ({IICi|-« J J< Cjfe£ }n{|Ci-^-c 2 |>2e/c J }) , 



k=l ctj=otj 

thus 



f y(0 = V / 



%C2) ^•/{||Ci|-a J J<c^e}n{|Ci-%C2|>2e/C J } IljilCCl - %C2) 

Since for all j = 1, . . . , N 

nf=i(Ci-^c 2 ) ci-^ 

Ci - %C 2 Ci - j?j C2 

with ipj,i, "4>j,2 locally integrables and bounded in the neighborhood of {£1 — rijQi = 
0}. On the other hand, for all k = 1, . . . , K 

3k 

{HCil - a jk \ < c jk e} = □ (Uj n {||Ci| - a jk \ < c 3k e}) , 

where Uj k _ 1 +\, . . . , Uj k is a partition such that ipj, ipj are bounded in Uj (for 
example, Uj = {|Ci - ?7jC 2 | < £0}, for all j = j fe _i + 1, . . . , j k , with e small 
enough so that Uj n C/j n S 2 = if j 7^ i; finally one replaces Uj k _ 1+ i with 

U jk . 1+ i[j(^\\J j 'Lj k _ 1+2 Uj) ). Then 

p(0 



JC e \B e UjLliCl 



V3C2) 



- 1 i l. J^h,(o 



fc=l j=j k -i+l u i 

Since 



^n{||Ci|-a jfc |<c Jfce }n{|Ci-%C2|>2e/C J } VCi -%<2 



/ ^-,2(0 < M / dA— >0, 

JUjn{\\Ci\-a jk |<c 3 ,e}n{|Ci-%C2|>2e/C 3 } JS 2 n{| Id l-aj , |<Cj. e} 
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one has 



'-"Jc.\b. nf=i(a- 



V3C2) 



K jk 



limV V , 

£ ^ fc= i J=Jfc _ 1+ i-'^n{||Ci|-a Jfc |<c 3fc e}n{|Ci^C2|>2 £ /C 3 } Q1-V3Q2 



= iimV y 



- 3=3k 



k=lj=j k - 1 +-L" a ik- c ik £ 
X 



2|=VT^ 



~, . ,^2 

^j(r,C2)-r- x 



(-2rrfr) / 



C2 



because 



a/(C)Aw(C) = 



1 — r \ 1 — r 1 , f r 



Ci V c 2 



C2 vc 



Ci C2 

Now for all r ^ a^- and |£ 2 | = Vl — r 2 aj/l^jl), one has (since Ve small enough, 
{\a-VjC2\<2e/C j }cU j ) 



/ 



r, J C2|>2 £ /C 3 Cl(Cl - %C2) 



/ "/ -/ 

■/|d|=r J|Ci|=r,C^ •'|Ci|=r,|Ci-7 W C2|<2 e /C J 

First, since > \r]j(2\ if and only if r > aj, one has 



Ci(Ci-^C2) 



/■ rfCi 

7|Ci|=r Cl(Cl - ' 



V3C2) 



(2z?r) 
2tt 



1 1 



%C2 3 '/A J 

(l-l r>Qj ) < 



2tt 



l%C2| v ~ ~'^ 7 " |»fe|vT=7* 
Next, V j = jk-i + 1, . . . ,jk, Uj D {|Ci - t?jC2| < £o}, then 



/■ rfCi 



^2) 



< 



MCll < /• MCll = 27T 

Ki|=r,C^!7 3 - r£ ~ 7|Ci|=r re £0 



Thus 



^ j a o k + c o k £ 
fc=ij= > _ 1 +i"'« 3fc - c Jfc £ 



< 



2r<2r / Vi(r,C 2 )rfC2 / - / 

A [ a 3+ c i £ , ~ / 1 

E / 2rdr ^Vl^ . max . H^lloo,^ 2tt - + 

j^Jaj-Cje 3k-l+l<3<3k \\VjWl-r 2 

Finally, we consider the following integral 

J|Ci|=r,|Ci-'7jC2|<2e/C j Cl (Cl ~ ^(2) 



Ci(Ci-%C 2 ) 



4-0. 



< 



e / £^0 
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(in the case where the measure of {|Ci| = r,\(\ — % C2 1 < 2e/Cj} is not zero). We 
set 8j := Arg{rjj^2), Ci = rel0 so 



l%C 2 |e i 



i(6-6 3 ) 



\V3C2 



> 



(re^-^-l^-Cal)! = |rsin(0 - 0,01 . 



Since for all e small enough, r <~ aj > 0, one has | sin(0 — 9j)\ < O(e), then 
\9 -6j\< O(e), ic 9 e [6j - 9 S , 9 3 + 9' £ ] with 9 £ , 9' £ = 0(e). Since 



re 



^-|%C2|| = |^-|^C 2 | 
re i((9i+9)-9i) _ \ VjC2 



then 0i = e . So 



/ 



-r, 3 C2|<2 £ /C 3 Cl(Cl - »7jC2) 



9j _e e re* e (re M -\ Vl ( 2 \e^) 
d9 



e c r cos 6 — \r)j\\/l — r 2 + ir sin 



With the change of variables t = tan(0/2), one has t G [— t e ,t £ ], with i e = 
tan(0 £ /2) = 0(e), then 

d0 



e e r cos — \t]j\ yjl — r 2 + ir sin 9 

2dt/{l + t 2 ) 



ts r 



1-t 2 
1+t 2 



- |?7j|Vl -r 2 + 



2t 
1+t 2 



eft 



t e i 2 - 2i 



t - 



\r]j\Vl - r 2 



r +\Vj I Vl-i' 2 f+llj I Vl-r 2 

eft 



ta (t -*+)(*"*-) 



with 



*+ = 



ir + i|r/j|vl — r 2 



= i . 



t_ = 



ir — 1 



\vjh/T 



r 2 r — \r)j\\/T 



r + \r]j\y/l — r 2 r + \rjj\y/l — r 2 



Since 



one has 



\Vj\VT= 7 1 ( 1 



(t-t+)(t-t-) 2i\t 1i \VT^ 2 \t-t+ t-t 



de 



g c r cos 6 — \rjj | y/1 — r 2 + ir sin 9 
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\VjWl - r 2 J-t 



t-t + t - t_ 



dl 



hi I VI 



(Log(t E - t+) - Log(-t e - t+) - Log{t e -t-) + Log(-t e - t-)) 



Log being the principal determination of the logarithm on C \ R + (that is well- 
defined since t+, t_ ^ for all r ^ Oj). ^s(t e — t + ) = ^s(—t £ — t + ) then Log(t e — 

t+) - Log{-t e - t+) = Log 



-t e - t+ 



Log 



te~t+ 



= Log 



t E — i 
-U. - i 



Log(l + 0(e)) = 0(e) 



On the other hand, one can write r — aj + r' with r' € [— CjS,CjE] (and still keep 
the variable r) so 



r + aj + M^i-^Vi + oM 

r + a 3 - a, (l - + 0(r 2 )) 73^2 + »(r 2 ) 



r + ctj + a>j + 0(r) 



2aj + 0(r) 2 aj (l-a 2 ) 



r + 0(r 2 ) . 



Then 



±t e -t-\ > \t- 



2a 3 {l-a 2 ) 



r + O (r 2 ) 



> 



4^(1 -a 2 ) 



2\ > 



for all e small enough and r e [— cje, Cj-e], r ^ 0. Therefore 

\Log(±t e -t-)\ < | Log | ±t e -t-\\ + \ Arg(±t e - <_ 

M 



< 



Log 



4a,(l-a 2 ) 



+ 7T < |Log|r| | + 0(1) 



thus 



d6 



e c r cos 9 — \rjj\ \f\ — r 2 + ir sin 



< 



IwlV 1 - ( r + "i) a 
2 



(0(e) + 2|L «?|r| | + O(l)) 



Finally, we get for all e small enough 



K 3 k 

E E 

k=lj=j'fe-i+l 



(-2rdr) 



Otiu -Cj.E 



\Log\r\\ + 0{\) = 0(Log\r\) 



dCi 



i|=r,Kl-%C2|<2s/C i Cl(Cl - ? 7j<2) 

< ^ / 0(\r\Log\r\)d, 



< 



3 = 1 " 



e-s-0 



->• 0. 



This result yields to the following consequence that will be usefull in Section |4j 
Subsection 0~2] (Lemma [HJ . 
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Corollary 1. One has, for all f E O (C 2 ), all N > 1 and all z E 
lim nf=i(*i-^2) f /(CK(C)Aa;(C) 



"2- 



e^O (2wr) 2 J u s =i | Cl _„, 6 | >e nf =1 (Ci - %c 2 )(i- < c>* >) 2 



k+l>N 



2.2. Some properties of A p . In this part, {77j}j>i will be any set of points all 
diffcrents, and h will be any function defined on the r]j, j > 1. 

We begin with this first result that follows from the definition of A p . 

Lemma 3. For all p > and < q < p, 

A p,(n P ,..,>7i)W (Vk) = A M P [C ^ Vi.fe-! «7i)W(0] fe+i) 

[C^Ai^^cc)] fe+i) 

= A Mp [C P ^ Ai,^., [■ •• [Ci h> Ai^W (Ci)] • • •] (C P )] fa P +i) • 

Now we will prove the two following results that will be usefull in Section [3] 

Lemma 4. Lei h be a function that is defined on every rjj, j > 1. TTien /or a/Z 
AT > 1, one has 

N N N-l P 

E IT ^-^ h M = EIK x -%') A ^.-^)W(%+o- 

Proof. This relation can be proved by induction on TV > 1. It is obvious for N = 1. 
If it is true for AT > 1, then 

N+l N + l N+l N+l n , ,/ x N+l 

e n - (^-m)E n x -^ ( ^ i%) + %)n^ 

N+l N+l v N+l N+l 



where 



e n ^f^-M+%oE n 

72 ' 

- ft.(?7i) 



p=2 i=2,j#p ^ ^ p=l j = l,i^p ^ ^ 



&l,jr(u) := (x- m y 



U-T)l 



By induction, 

JV+l N+l v N p 



e n -hiM = Eii( x -%) 

(/ll.x) (77p+l) 



p=2 j=2 j#p Vp ^ p=l 2=2 



A p 

E( X ~ ^) ~ %)Vi(>) P ,.-,i 2 ) ( u ^ Ai, m (/i)(u)) (Tjp+i) 

p=l j=2 
A p 

e ri( x %)Ap,(^,...,, )1 )( /i )( 7 ?p+i) ■ 

P=l 2=1 
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On the other hand, 

N+l N+l 

e n — = l 

p=l j = l,&p ' P U 

since 1 is the unique polynomial of degree at most N that coincides with 1 on TV + 1 
points. Then 

N+l N+l Y n v 

e n ^v.^p) = En( x -^)A P ,( J)P ,..., J)1 )(/ i )(r ?P+1 )+% 1 ) 

AT p 

= E »?i) A p.('h..-.'ji) W('hH-i) ' 

p=0 j=l 

and this achieves the induction. 

V 

Lemma 5. For all p>0,g,h functions defined on the rjj, 

p 

A p,( V p,-,vi)i9 h ) (Vp+i) = ^2\- q ,( Vp ,..., Vq+1 )(9)(Vp+i) A„(,, ^^X^i) ■ 

Proof. We prove this result by induction on p > 0. It is obvious for p = 0. If p > 
one has 



A p +i,(77 P+ i,...,»7i)(0ft) (%+2) - A P;( ^ p+1; ... i7?2) 



^ > {gh)(C)- {gh)( Vl )±g(Qh( m ) 



(Vp+2) 



= \,( Vp+1 ,...,r, 2 ) [ff(0 A l,»7i( ft )(0] (^p+2) 

+ ^(m)A Pi(j)p+1) ... i7)2 ) [Ai, m (.g)(C)] (r?p +2 ) 
p 

[Al, m (&)«)] K+2) 

p+1 

= E V9+l,fe+l,..,1,+ l)(5) (%+2) A q,(v q ,-,Vi)( h ) (Vq+l) 
9=1 

(5) (^P+2) , 

and this achieves the induction. 

V 

The following result is an example of explicit calculation of the A p of an holo- 
morhic function. 

Lemma 6. Let be h e (D(D(wo,r)) and h(w) — X)n>o a ™( u; — w o) n its Taylor 
expansion for all \w — w \ < r. Assume that Vj > 1, r]j e D(w 0} r). Then for all 
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V > o, 

n—p li 

\,(v P ,..,m)(h) (Vp+i) = E a « E ( r ?i " w o) n - p - h E fa> " ""j)' 1- ' 2 ' ' ' 

lp — 2 lp~l 

(2-12) • • • E fap-i " ^o)'"- 2 -^- 1 E (7p " ^o)'"- 1 ^^! ~ wo) 1 

i„-i=0 i p =0 



In particular, 



/i (p) (0) 

Jim ,,_„„„ A j.,(»?p,...,m)W( r ?p+i) = a P = j — 



— l — lj In n 



?7i,...,J7p,J)p + i->too pi 

On i/ie other hand, if h £ C[w], then for any subset {f]j}j>i C C and all p > dcgh, 

&p,(ri P ,..., m )(h) (Vp+i) = 0- 

Proof. The second relation is a consequence of (|2. 12|) and the third with the choice 
of r — +oo. 

By translation we can assume that wq — 0. The lemma will be proved by 
induction on p > 0. This is true for p = if we admit that Iq — n — p = n and 

lj- 

IIE 

3 = H 3 =0 

Now if it is true for p > then 

n—p lp—l 

\+i^ P+1 ,...^)(h) (v P +2) = E a » E ^~ p ~ h ■ ■ ■ E^"'^ 1 *'^)^) 

n>p l\—0 lp—0 

n—p lp-i lp — l 

= E^E^r^ 1 --- E^- 1- '* 1 ^ E rt+r^v 1 ;:; 

n>p lx=0 lp—0 l p+1 —Q 

n—p lp-i—1 l p 

= E^E^"' 1 - v,>i E -i'- 1 - 1 '- 1 E 

n>p ii=0 i p =0 Z p+1 =0 

n—p lp—i lp 

= E^E^-' 1 - E^- 1 "'" E 

n>p li — l l p =0 lp+i— 

n— 1 / P 

= E a » E ^r^ 1 --- E *itf +1 <fcz> 

n>p+l l 1= l p +i=0 



and the induction is achieved. 



The following result will be usefull in Section [U Subsection 14.11 (Proposition [T]). 
Lemma 7. For all p > 0, h function defined on the rjj, 

\,( Vaip) ,..., Va{1) )(h) (Va(p+1)) = \,(r) p ,..., m )(h) (Vp+l) ■ 
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Proof. We prove the lemma by induction on p > 0. It is obvious for p = and 
p= 1. Let be p > 2 and er g 6 P +i- First, assume that <t(1) = 1. Then by induction 

A p,(^(p),...,^ ( i))(ft) (>(p+i)) = A p,(»M P ),-,'M2),»7i)( ft ) (^(p+i)) 

= A P-1,(^(P),..,^(2)) [C ^ A l l7? l(^)(C)] (^(p+1)) 

= ^p-l,(?;p,...,?72) It ^ A hm (h)(0] (v P+ i) 

= a p,(, p ,..,,i)C i )(ip+i)- 

Now one can assume that a(l) ^ 1 and consider the transposition r = (1 cr(l)). 
Then (r<r)(l) = 1 and 

A P,(V(T*K P ),-,V(T*)m)( h ) (V(T*)(p+l)) = A p ,(, p ,..,,i)C')(lp+l) • 

Now let assume that the lemma is also proved for all transposition (1 j), 2 < j < 
p+l. Then 

\,(Va(p),-,Va(l))( h ) (^(P+1)) = A P,(»7r[(ra)(p)],-,'7 T [( T 0(l)])( ft ) OM(tct) (p+l)] ) 

= A P,(rj(ra)(p).-.1?(ra)(l))( /l ) (p+l) ) 

= ^,( % ,..,,l)Cl)(lftl) 

and the lemma will be proved. So it is sufficient to prove it for any r = (1 j), 2 < 
j < P + 1- On the other hand, 

a fh\f \ A p _ l!(l7 fa) - Ap_ Mi; (fo) fa+i) 

\( % ,..., m )Cj)(%+i) - — — 

'IP '/p+l 

= ApX'jp+i^p-iv^oC 1 ) (*?p) ' 

then it is also true for t p := (p p + 1). 

Let assume that it is also true for any permutation that fixes p+l. Then it will 
be true for all (1 j), 2 < j < p, also for (1 p + 1) = r p (l p)r p and the proof will be 
achieved. 

Finally let be a <G 6 P +i such that cr(p + 1) = p + 1. Then nf=i — ^0')) = 
n^=i(^-%)and 

P 9 

S II ( X ^0")) A g I (^(,),-..,r ) .(i))( /l ) = 
9=0 j=l 

p-1 / q 

= s n ^o")) A 9,(^(,),..,^(i ) )( /i ) (^(9+i)) 

9=0 \j=l 

P 

+ - %) A p,fe (p) ,..,^ (1) )(M (^(p+i)) ■ 

3=1 

Since for all q = 0, . . . ,p — 1, the family {1, X — . . . , (X — t]i) ■ ■ ■ (X — rj q )} is a 
basis of C q [X] = {Pe C[X], degP < q}, one has 

9 9 I 

3=1 1=0 j=l 
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then 

v q 

E II ( X 7 Mj)) A q ^ (qh ...^ (1) )(h)(Va( q +l)) = 
q=0 j = l 

P-l 1 P 

= E c ?n( x -%)+n( x -^A P ^ (P) ,...,^ (I) )W(^(p+i)) . 

9=0 j=l j=l 

On the other hand, one has by Lemma 2] 

p q 

e n ( x ^w)) a «,(^(,).-,^(d) w = 

q=0j=l 

p+1 ( p+1 y \ p+1 (p+1 \ 

= e n w Vm = e n ^ W) 

P~l 9 P 

= e ~ %) A ?-('?< 1 -.,'7i)( /i )( ? ??+i) + ~ ^■) A p I (')p I -:')i)( /i )( 7 ?p+ i ) • 

9=0 j=l j=l 

Since the family {1 , X — rji, (X — rji)(X — 772), . . . , (X — ■ ■ ■ (X — i] p )} is a basis 
of Cp[X], it follows that 

A p ,(^ (p) ,...,^ (1 ,)(/i) (j? CT ( P +i)) = A Pi( ^,...^ i) (/i)(t7 p+1 ) 
and the lemma is proved. 

V 

2.3. About the formula EN(-,ij). In this part we want to justify what we mean 
when we claim that the formula Epf(f; 77) is the canonical interpolation formula for 
any f eO (C 2 ). We set, for all p > 1, 

(2.13) Wp (z) := TT ^- F . 

Then the formula Ejy(f; if) can be written as 

= E II (^-^)E 1 + M2tt at r —) 

p=lj=p+l q=p 1,91 Llj=p,j^qV'lq 'hi 9V 7 

where [/i]jv- p is the truncation of /z at order TV— p, ie [/i]jv_ p (ui) = X) m >jv-p ^TT^ m ^(0)' 

On the other hand, notice that the point (rj q w q (z),w q (z)) is the orthogonal 
projection of z on the line {zi — i] q Z2 = 0} with respect to the hermitian scalar 
product on C 2 , since (r] q w q (z),w q (z)) =< z,u q ~> u q , with u q := (rj g , + |7y g | 2 

being a normalized director vector of {zi — rj q Z2 = 0}. In particular, z G C 2 being 
given, / (rj q w q (z), w q (z)) is a naturel way to use the restriction f\{ Zl=rj Z2 y. 

Finally, on the expression of -E/v(/; 77) appear derivatives of the restrictions of / 
of order at most max(TV — 2, 0) since p > 1 and 

[f(VqW q (z),w q (z))] N _ p = f (r) q w q (z),w q (z)) - q —\ g tf J ^"(/fa' ) ' t '))- 

p=o 

Now we can give the following result about the fact that the formula E^{f\rj) 
is a canonical interpolation formula. 
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Lemma 8. For all N > 1, -Ejv(/;?j) is essentially the unique interpolation for- 
mula betwen the interpolation formula that fix Cn-i[zi, z?] and have the following 
expression 

N 
9=1 

where F q (z) = Ylk+KN-x^i^lZiZ^, with C q ^,i being an operator on the space 
0(C) q := (C(C 2 )) \{ Zl=nqZ2 }, of order at most m&x(N - 2, 0). 

Proof. First, in the expression of such an operator F q on 0(C) q and any / € O (C 2 ) , 
there must appear parts of f(rj q v q (z), v q (z)) where v q (z) — a q z\ + b q z 2 is such that 

||*|| > \\(v q v q (z),v q (z))\\ = \v q (z)\^/TTW, ie \v q (z)\ < \\z\\/y/l + \v g \ 2 - This 
yields to 

1 



2 



(2.14) sup \a qZl + b q z 2 \ = J\a q \ 2 + \b q \ 2 < ■ 

Nl<i v v 1 + m\ 

On the other hand, the condition of interpolation must satisfy F(/)|{ Zl=J7((Z2 } 
f\{z 1 = Vq z 2 }, then 

(2.15) 1 = \v q ( Vq ,i)\ = \ Vq a q + b q \ < ^\a q \ 2 + \b q \ 2 ^l + \n q \ 2 . 



It folows from (|2~14| and (|2~T5l) that yj\a q \ 2 + \b q \ 2 = l/yjl + \r/ q \ 2 and {a q , b q ) = 
A(%, 1), A e C. Then |A| = 1/(1 + \n q \ 2 ) and 



(2.16) v q (z) = uj q — j- ^ 2 , |o; g | = 1. 



Finally, the condition (rj q v q {rj q , 1), v q (n q , 1)) = (7j g , 1) yields to w 9 = 1, then 



(2.17) v q (z) = 1+ = «;,(«). 



Next, for any P 6 Cjv-i[«], in particular, for all z 2 £ C \ {0}, P(-,z 2 ) € C[zi]. 
It follows by Lemma U] that 

JV N 
N N 

(2.18) = II ( Zl %^)A w _ P)( ^ +1Z2i ... i7WZ2) (C h> P(C, za)) (VpZ2) ■ 

p=l i=P+i 

On the other hand, byLemma[6l for all p = 1,...,N, ^■N^ P ,ir lp+1 z 2 ,..., VN z 2 ) {P{-, z 2)) (VpZi) £ 
C[z 2 ]- Moreover, 

,(ri p+ iz 2 , ...,77iv 22) (P(.,«2))(tjp2!a) < deg, 1 P-(7V-p)+deg 22 P 

(2.19) < p-1. 
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It follows from ([27T7| . ([27T8]) and (|2~T9|) that one can write F as 

N A N 

F = XX T[ ( z i- 7 ljZ2)AN-p,( Vp+1 z 2 ,...,T lN z 2 )(F q {-,z 2 ))(ri p z 2 ) 
9=1 p=i i=p+i 

A / TV \ 

(2.20) = £ Q g , p (z 2 ) J] (z 1 -r jj z 2 ) \F qiP , 

q,p=l \j=p+l J 

where Q q , p G C[z 2 ] and, for all / G (C 2 ), 

^Q'P / \ 777, — 7" 1 i^TTl 

(2.21) f, iP (/) = X^^C*)' X ™ L q ' P ^rl^[/(^^)N 

^— m>r g? p 

with r giP < iV — 1, VZ = 0, . . . , d,j,p (since Fj iP is of order at most TV — 2). 

Now, if N > 1 and Fjv is such an operator, the operator Fv — En can still be 
written as the expression (|2.20p . Moreover, (Fa — Ftv)|Civ-i[z] = since Fat and 
F^v fix Cat_i[z]. On the other hand, let consider the Lagrange monomials 

A 

(2.22) LJz) := TT Zl ~ ^ Z2 ,l<q<N. 

In particular, degL 9 < N — 1 and .kgir^^ ^ = l p=g z 2 V_1 - Then one has, for all 
N > 1 and q = 1,...,N, 

N A 

= (F N - E N )(L q ) = ^2Q q , p (z 2 ) Yl O 2 ! _ Vi**) X 

X V^ ... c^J w 9 (z) m -^-p 9 m 



E/ \i " w i r jv-n 
CAT, 9 , P ,/^(z) ^ — q^\v=0[v \ 



1 = m > r q,p 

A A d q 

l+N-l-r q , p 



(2-23) = J2^ z ^ II 

p=l j=p+l 1=0 

Now we will prove the lemma by induction on TV > 1 . If N = 1 , (j2.23[) becomes 
= Qi,i(z 2 )X c i.i.i,^i(z)', Vz G C 2 , 

then Q u = (in this case, Fl = E{) or J^iio c i,i,i,! u 'i(' 2 ) i = 0, Vz £ C 2 (in this 
case, J2i=o c i,i,i.i wl = 0, V w e C, then ci^ij = 0, VZ = 0, . . . , and Fi = Fi). 

Now if the lemma is proved for N > 1 and we consider 2V + 1, then (|2.23[) 
becomes, for all q = 1, . . . , N + 1, 

A A rfg.p 

= (*1 ~ m+l z 2) X Qg,p(^2) J| (zi - r?j^ 2 ) X c A+l,q,p,ZWq(z) i+Af ~' Vp 

p=i i=p+i z=o 

(2.24) +Q 9 ,at + i(z 2 ) X CN+i, q ,N+i,iw q (z) l+N - r «- N+1 . 

1=0 
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In particular, (z 1 -rj N+1 z 2 ) divides <3 g ,jv+i(z 2 ) J2i=o +1 c N+i,q,N+i,iWq(z) l+N ~ rg ' N+1 - 
Then one (and only one) of these different cases can happen: 

[zi — r/pf + iZ2) divides Q qi N+i{z2), then Q q .N+i( z 2) = and (I2.24[) becomes 



N N d q ,v 

= 5^0 fllP (2a) II ( z i- 1 ljZ2)^c N+1 ^ p ^w q {z) l+N - r ^ , 

p=l 3=p+l l=Q 

that yields by induction to i*iv+i = -Ejv+i- 

• Otherwise (since z\ — Tjjsr+iZi is irreducible and C[z\, z 2 \ is factorial), (z\ — 
VN+1 Z2) di vides cjv +1 ,,, p jio,(z) !+JV " r '^. If £)i=o Civ+i, g ,p,jX' = 0, 
then (|2.24l) and the induction yield to Fn+i = En+i- 

• Else Ef=o c^ +1 ,, )P) it« 9 {z) l+N - r «>* = i«,(«) m ' Eflo ^,(2)', with c' ? 0, 
and (z\ — divides ^Zf_ c' l w q (z) 1 . Then 3Q G C[zi,Z2] such that 

d' 

y^ j c' l w q {z) 1 = (zi - r) N+1 z 2 )Q(z) 
2=0 

and z = yields to c' Q = 0, which is impossible. 

• Finally, (zi— t]n+iZ2} must divide w q (z) rn then divide w q (z) = ^^p 2 that 
is irreducible too. It follows that they are proportional then 1 +77^77^+1 = 0. 
In this case, the part 

1 + 77jy + i7fe 1 \ - / z 2 + rjg' zi \ m 1 d 

1 + w 2 n&W,(% - ^0 v 1 + |7? « 

will disappear in the expression (|1.4|) of -Ejv- It follows that £^v will be 
the most natural choice for the interpolation formula and this achieves the 
induction. 

V 

3. Proof of Theorem Q] 
In this part we will assume that the set }j>i is bounded, what we will write 



as 



(3.1) H^Hoo := sup |?7j I < +00. 

Remark 3.1. We will see that the condition (|1.8[) is equivalent to the existence of 
R v such that, for all p, q, s > with s < q, 



(3.2) 



\,(Vp,-m) ( (1 + |£|2)g j ^p+l, 



: RP +q . 



In all the following, we will mean the Taylor expansion of any function / G 
O (C 2 ) (that absolutely converges in any compact subset K C C 2 ) by 



(3-3) f(z) = a ^ z i 



kj 

4>o 



2 ■ 

k,l>0 



22 



AMADEO IRIGOYEN 



3.1. Condition ([1.8)1 is necessary. We begin with this result. 
Lemma 9. For all f G O (C 2 ) , N > 1 and ki > N, 



1 d kl 



=o[RN(f;v)(z)} 



A 



N-l,(VN-i,---<Vi) 



c 



i + ICI s 



fel-JV+1 



k+l=ki J 



Proof. First, we claim that 

N-l p 

(3.4) R N (f; rf)(z) = ^ z 2 ~ 1 ~ P Y[( z i - r 1i z i)^p,{vp,-,m) (C ^ r iv(C, *)) (r? p+ i) , 



p=0 



3 = 1 



with 
(3.5) 



E ^cMf 



fc+/>iV 



^2 + Cfl 

ICI 2 



fc+i-JV+1 



/ ~~z \ m-N+1 

El z 2 + Cgl 
-V 1 + ICI 2 



m>N 



E ak ^ k ■ 



k+l—m 



Indeed, by Lemma |U 



Rn{J;z){z) = z. 



N N , 

N-i TT Zl / Z2 ~ % 



E 



p=lj=ljVp ^ p ^ k+l>N 



a k,lV P 



k ( Z 2 + VpZ! \ 

i + MV 



k+l-N+1 



N-l p 



„N- 



1 E Il( zi / Z2 -^) A ? 



P=0 j=l 



E -wc*(f 



k+l>N 



k ( z 2 + Cfl 

ICI 2 



0?p+l)- 



It follows that 



N-l p 
N-l-p 
z 1 

P=0 j=l 
N-l 



E z ^ 1 P Y[(zi -T} j z 2 )A Pi{Vpt ... tVl) ((^ r N ((,z))(T]p +1 ) 



p 



E z * 1 P E z i( _1 ) P ^ r o- p -r(vi,---,Vp)\(rN((,z)) 



p=0 
N-l 



r=0 
N-l 



E z r iz^- r £ (-l) p - r v P -r(Vi, V P )A p (r N ((, z)) , 



r=0 



with o- r (r]x,...,r)p) = V,. , jr . p r) h Then 



1 & 

k?-dz k 



^\z=o[R N (f;r,)(*)] = 



N-l 



N-l 



1 d kl 



1 <9 fcl 



„AT-1 



ki\dz k 



^U =0 [^Ajv-iCMC,*))] 



1 <9 fel 



Aat-i,( w _ 1 ,..., I71 ) [ C ^ ^T^fc7^=° lrjv ^' z )] j 
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Since fci > N, one has for all C G C 
1 <9 fel 



s=0 



(M-N + 1)\ Q z ki-N+1 ■ 



=ofav(C>*)] 



E E «MC fe - 



i 



9 



fci-JV+l 



, , , (fcx-iV + l)!^-^ 1 

m>N k+l=m 1 
ki-N+1 



\z=0 



Z2 + (zi 

i + ICI 2 



m-N+1 



E (ttw) 



fc+Z=fci 

and the proof is achieved. 

Now we can prove the first sense of Theorem Q] 



V 



Proof. We assume that, for every / 6 0(C 2 ), i?jv(/;r?) is uniformly bounded on 
any compact subset if C C 2 , ie 

sup sup \R N (f;r))(z)\ < M(f, K) < +00. 



In particular, Vp > 0, 



sup \R p+1 (f; V )(z)\ < M(f). 



«6Ua(0,(l,l)) 

Then for all p > and g > 1 , 

1 <9 p+<? 
( P + q )l dz ^ U = Q[Rp+lU;ri){z)] 



ICl| = lf2| = l 



^+i(/;^)(Ci,C2)rfCi AdC 2 



4i (,2 



< 



sup |i? p+1 (/ ;?7 )(z)| < M(/) 



*e£>a(0,(l,l)) 

Since p + q > p + 1, one can deduce from the above lemma that 

E a ^c fe i'/, 



A 



c 



i + ICI s 



fc+z=p+(J 



'p+1, 



< M(f) 



Now consider any function entire on C, h(w) — Yl n >o a nW n and set fh(z) 
h(z 2 ). Then f h eO (C 2 ) and for all p > 0, q > 1, 

E a k,l(fh)( h = ao,p+q{fh) = a P +q ■ 
k+l=p+q 

It follows that for all p > 0, q > 1, 

E a k,l(fh)t k (V P+ l) 



V p,(7)p,...,7)l) 



c 



1 + ICI 5 



fc+Z=p+<? 
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*p+gl 



A 



i + ICI 2 



(Vp+i) 



< M(h) := M (/ft) , 



then 



sup < \a p+q \p+" 

p>0, q>l 



V(?Jp,...,7)i) 



i + ICI 2 





P + Q 








J 


[• 


+00 



Since /i € 0(C), lim sup^^ lanl 1 /™ = 0. Conversely, if (e n )n>i is any sequence 
that converges to 0, the function h £ (w) :— Yln>i £ n wn is entire on C and 



(3.6) sup { \s p+ql 

p>0,q>l 

Now we claim that 



(3.7) R v := sup 

P>0,<2>1 



ip,(i7p,...,J7l) 



C 



1 + ICI 2 



i + ICI 2 





-J— \ 

p+q 1 


(Vp+i) 


i 



< +00 . 



< +00 . 



If it is true, we will have proved the lemma for p > 0, q > 1. On the other hand, 
since for all q = 0, p > 1, one has 



and 



|Aq(C -> 1)(th)| = 1 = K, 



the proof will be achieved. 

Assume that (|3.7|) is not true. For all n > 1, there exist p n and q n such that 



A 



c 



1 + ICI 2 



(Vpr 



+ 1, 



> n . 



One can choose (p n )„>i and (q n )n>i such that the sequence {p n + q n )n>i is strictly 
increasing. Indeed, let be p\ and q\ for n = 1 and assume that there are p\ , . . . , p n 
and qi, . . . , q n such that Vj = 1, . . . , n — 1, pj + qj < Pj+i + Qj+i- Since 



+00 = sup 

p>0, q>l 



A„ 



c 



1 + ICI 5 



max \ sup 

p+q<pn+q„ 



1 + ICI 2 



sup 

p+q>p n +q n 



1 + ICI 2 



and the set {p > 0, q > 1, p + q < p n + q n } is finite, it follows that 

9" 



sup 

p+q>p n +q„ 



c 



.1 + ICI 2 

In particular, there are p n +i, qn+i such that p n +i + q n +i > Pn + qn and 



c 



1 + ICI 2 



> n + 1. 
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This allows us to construct by induction on n > 1 the sequences (p n )n>i and 
(q n )n>i- 

Now we define (e n ) n >i by 



(3.8) 



1/VJ , if 3 j" > 1, pj + qj 
otherwise . 



Since (p n + q n )n>i is strictly increasing, if such a j exists, it is unique then (e n ) n >i 
is well-defined. 

On the other hand, lim„_ i . 00 e„ = 0. Indeed, Ve > 0, 3 J > 1, Vj > J, l/y/] < 
1/V~J < £■ We set N E := p,j + qj and let be any n > N £ . If there is no j such 
that pj + qj = n, then e n = < e; otherwise 3 j > 1, n = pj + qj and one has 
Pi + 9j ' = n ^ = PJ + ?J- ^ n particular, j > J (else n = Pj + qj < pj + q.j = N E ), 
then e n = 1/y/J < l/\fl < e. 

It follows that for all j > 1, 



^Pj,(v Pj ,---,Vi) 



then 



sup 

p>0, q>l 



-p+q 



V P,(%> .•••,'7i) 









i 



.i + ICI 2 

which is in contradiction with (I3.6|) . thus (|3.7[) follows. 



> ^i = Vi, 



> sup|v/7| 



+oo . 



V 



3.2. Condition (|1.8|) is sufficient. In this part we will prove the inverse sense of 
Theorem [TJ We assume that the (bounded) set {r]j}j>i satisfies (|1.8|) . We begin 
with the following result that is a little stronger consequence (see Remark l3.1[) . 

Lemma 10. There is R' > 1 such that for all p,q, s > wi£/i < s < q, one has 



(i + ICI 2 ) 9 



+i, 



/ p+q 
v 



Proof. Set 
(3.9) 



R = max (1, i?^) , 
Q = max(3, R v ) , 
S = 3max(l, \\rjWoo) . 



In order to prove the lemma, we want to prove the following estimation: Vp, q, s > 
with s < q, one has 



(3.10) 



(i + ICI 2 ) 



2\" 



p+1, 



< R p Q q S q - 
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This will be proved by induction on p + q — s > 0. Ifp + g — s = then since 
Pi 9 — s > 0, necessarily p = and s = q > 0. Thus 



r 



(1 + ICI 



2\1 



(m) 



< 



(i + M 2 ) 9 

' lyi + imi 2 
v i + M 2 
i 



o.i + i-hii 



(Cauchy-Schwarz inequality) 



g < 1 < R°Q q S° 



If p + q — s = 1, then p = 1 and q = s > 0, or p — and < s = g — 1. In the 
first case, since (|1.8[) is satisfied, one has 



Ai. 



c 



1 + ICI 2 



< i?* +9 < R 1 Q q S°. 



In the second case, one has for all g > I 



An 



(i + ICI 2 ) 9 



(l + lml 2 ) 9 



1 + hll 2 



1 + M 2 



9-1 



< 1 < ^Q'S 1 



Now let be m > 1 and assume that (|3 . 10[) is true for all p,q,s > with s < q 
and such that p + q — s < to. Now let be p, q, s > with s < q and such that 
p+ <7 — s = m+ I. One has different cases. 

If p = then 



c 



(i + ICI 2 ) 



If s = q then by ([TT 



9 fal) 



Ap,(r) p ,...,rji) 



C^ 



(1 + M 2 ) 9 

< I < R°Q q S q 



(Vp+i) 



(i + lml 2 ) 



f 



(i + N 



(i + ICI 



2 V 



< < R p Q q S°. 



Otherwise p > 1 and < s < q — 1 (in particular g > 1). On one hand, one has 
by Lemmas [5] and [6] 



V,(7)p,...,7)l) 



• r +1 c ' 

(i + ICI 2 ) 9 



(»7p+i) = 



J2 A r,(vr,-,m) [ (l + |^|2)g j (^+l)A p -r,(^,..., J 7. +1 ) (C C) 0?P+0 



A P -1, 



C 



^p-l,(?7p_i,...,)7i) I |C| 2 ) 9 

On the other hand, 



(r)p) x l + A P)(npi ... )ni) 



C 



(i + ICI 2 ) 9 



Ofo+i) x ? /p+i 



• r +1 c ' 

(i + ICI 2 ) 9 



(Vp+i) = 
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^■p,(rj p ,...,rjx) 



c 6 dci 2 + i-i) 



(Vp+i) 



Thus 



c 



(i + ICI 2 ) 9 



(Vfl) 



A 



-\-i,(v P -t,-,m) I ^ + |^| 2 )q I (Vp) ~V P +i^( Vp ,..., Vl ) I (YTlcFje J <yVp+1 ^ 

Since s < g — 1, s+1 < q and (p—V)+q—(s+l) < p+(q—l) — s = p+q— (s+1) = m, 
by induction and (|3.9j) it follows that 



^,(u„,...,uO I (l + |f|2)g 



< 



< R p Q q - l S q - s + R p - 1 Q q S q - s - 1 + \H\ ao R p Q q S q - s ~ 1 

< BT 1 Q q - 1 S q - s - 1 (RS + Q + MooRQ) 

< R p - 1 Q q - 1 S q - s - 1 (rSj + Q^- + |rq) = R p Q q S q - 



and this proves (|3. 101) . 
Finally, if we set 



(3.11) R' v :-- 

(|3.10|) yields to, for all p, q, s > with s < q, 



max(R,Q,S)] 2 = [max (3, S^Hoo, R v )] 2 , 



and the proof is achieved. 



< R p Q q S q < R' n p+q 



V 



In the following the constant R v will mean R' v from Lemma [TUl One can deduce 
as a consequence the following result. 



Lemma 11. For all p, q > and z £ 



±p,(Vp,---,Vl) 



Z2 + Cfl V 

i + ICIV 



'p+i. 
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Proof. Indeed, Lemma fTUl yields to 



»*>,(%,,... ,171) 



1 + ICI 2 



(Vp+i) 



u\{q- U y 2 



< 



E 

q I 

y «! ( 



u A 

1 ^P.Oto. 



c 



A, 



',(%,,... ,»7i) 



(1 + ICI 2 ) 9 i 



J (>7p+l) 
o?p+l) 



E 



<! — ' u! (q — u)! 



RP +q = \\z\\^RP +q = RP^RJzW)" 



V 



The next result will be usefull in order to prove the reciprocal sense of Theorem[T] 
Lemma 12. For all n,p > 0, 

n l\ lp—l 

A p n := E E 1 = card{(h,...,l p ) £ N p , n> h > h > ■■■ > l P > 0} 

( 1= 0i 2 =0 l P =0 

(n+p)\ 
n\p\ 

Proof. First, we admit that if p = then Iq = n and 



if-l 



So one can assume that p > 1 and we prove this result by induction on n + p > 1 . 
If n + p = 1 then p = 1 and n = then 

= card{ Sl G N, > si > 0} = 1 . 

Now we assume that it is true for all p, n such that 1 < p + n < m with p > 1 and 
71 > 0, and let be n > 0, p > 1 such that n + p = m + 1. 
If 71 = then 

card{0 > s 1 > ■ ■■ > s p > 0} = card{(0, . . . ,0)} = 1. 
If p = 1 then 

n+1)! 



card{n > S\ > 0} = 

Otherwise 71 > 1 and p > 2. We claim that 
(3.12) = A P l _ 1 + AP n 



!1! 



Indeed, for any element of {(s±, . . . , s p ) € N p , n > s\ > ■ ■ ■ > s p > 0}, either Sx = n 
or Si < 71 — 1. Then 

card{(si, . . . , s p ) e W, n > si > ■ ■ ■ > s p > 0} = 
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= card{(s 2 ,...,s p ) £ N p -\ n > s 2 > ■ ■ ■ > s p > 0} 
+ card{(si, ...,s p )£W, n - 1 > s\ > ■ ■ ■ > s p > 0} 

Since n + p — 1 = n — 1 + p = m, one has by induction 

_ (n+p-l)l (n-l+p)l _ (n+p-l)l 
" ~ n!(p-l)! (n-l)!p! 7 
and the lemma is proved. 



n\p\ 



V 



Now Lemmas [Til and [T21 yield to the following result. 



Lemma 13. Let be f £ O (C 2 ) . For all p > 0, N > 1, z G C 2 and i? > 

2||»?||oo-R^||«||j one /ias 



m>7V 



— x m-iV+1 
^2 + C^l 



ICI 5 



E Ofc.iC* 

k-\-l—m 



(v P +i) 



< 



< 



hl|oo(l-2||n|| 00 i? 2 ||z||/i?) V i? 



f\\v\\ooR v \ N fR v (i + \\v\U 



\\v\\ 



with 
(3.13) 



ll/llfl := sup \f(z 1 ,z 2 )\ 
\ Zl \,\ Z2 \<R 



Proof. First, for all m > N, one has 

m-N+l 

E «mC* 



A 



p,('?p,--.,'?i) 



z 2 + (zi 



E^ 

u=0 



i + ICI 2 



(»7«,-",»7i) 



Z2 + Cgl 

i + ICI 2 



ro-jV+1" 



0/, 



p+1/ 



\k+l—m 



Next, for all < v < p and m > N (> p), on has by Lemmas l6l and fT2l 



v».(% mi) E afc < m - fc( > fe ) ( r 'p+i) 



vfc=0 



< 



Ih-h 



m k—p+v li 

< E E k+ir^ 1 E i^ +2 | 

k=p-v 1-l=0 l 2 =0 

m k—p+v Z p _„_i m 

< E i^,m- fe |iir?n^ E ••• E 1= E 

k—p—v 1 1=0 l p - v =0 k=p—v 



fc! 



k_„=0 



a*,m-klNl£- p+0 



(p — u)! (fe — p 



On the other hand, since f £ O (C 2 ), one has for all R > 1 



(2ztt) 2 



/(Ci,C 2 )dCiAdC2 



ici|=ic2|=h Ci C 2 



< 



11/11 



Rk +i 
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Thus 

\-v,{r, p ,...,r, v+1 ) ^a k ^ k C k (ri P+ i) 



\k=0 



< 



< 



E 



fc! 



11/11* 

ftm fp- V )\ (k -p + v)\ 

k=p—v 



\\v\ 



k-p+v = WfU 1 d p ~ v i _ 

R m (p-v)ldtP- vH - M 



E' fc 

.fc=0 . 



E <A 



dt 



< 



< 



WfU i 

if" 2i7T 7| t | =fli? (t-||77||oo)^ +1 

n/iifl fl,£r= ^ _ ii/ii 



- 1 



R m {Rr, - \\v\U) p - v+1 R m (R v -\\r]\\oo) p - v+1 (l-l/R v ) 

n/u R n n 



m+1 



since by tf3T[]), i?„ > 2||fj|| 00 ,2. 



-^77 ( ^7] 



1 



It follows with Lemma [TT] that 

m— N+l 



Z2 + C^l 

i + ICI 2 



E a ^ k 

k-\-l—m 



< 



Ew^ni 

2j|/|| fl-Rt; / -Rj, 

loo \R 



\m-N+ 



1 211/Hfli?,, f R v \ m 1 



Nl 



(2i?„lkll) 



m-iV+1 J- 



Ik/I 



E^ni-)" 



t>=0 



< 



< 



2Mkgg (nv\URl\\4\ 1 + NI°o)) p+1 - 1 



>(2^lkl|) 



7V-1 



R 



HtjHSo i^(l + ||7?|U)-l 



4||/||r^ f siMUi^pih /^(i + IMU) 



WIND 



AT-1 



i? 



IMI 



One can deduce that, for all N > 1, < p < N - 1, z e C 2 and R > 2||r?|| 0O .R 2 1 ||z| 

m-N+l 

Z2 + (,Zi \ 

k+l=m 

m-N+l 



±p,(r] p ,...,r]i) 



m>N 



ICI 2 



E «MC fe 



(t+i) 



< 



< 



< 



< 



E 

m>N 



A 



p,(Vp,-'-,Vl) 



Z2 + C^l 

1 + ICI 2 



E afc ^* 



h|| 00 (2i? r) ||z||)^-i 



Nl 



E 

m>N 



R 



^(l+||r?|U)V (2h||ooi? 2 ||z||/i?) 



IMI 



i-2|H| 00 ie||«||/je 



117,11^(1-2^11^11^11^) v R 
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V 



We can finally complete the proof of Theorem [T] 



Proof, f € O (C 2 ) and K C C 2 compact subset being given, it follows from 
Lemma H3l that, for all N > 1, z G K and R > 2||?7|| 0O i? 2 ||z||, 

\R N (f;v)(z)\ < 



jV-1 p 
\N-l-p ' 



A 



■p,(rj p ,...,rix) 



p=0 

N-l p 

< ^iizir-^izirn v^ + i^ 1 

P=0 j=l 



k+l>N 



8||/|M*||z| 



h||oo(l-2||r ? || 00 i? 2 ||z||/i?) 



k+l-N+1 



(Vp+i) 



< 



hj|co(l-2||ry|| co i? 2 ||z||/i?) 

8||/|Ui? 2 
||r ? || 00 (l-2|| ?7 || 00 i? 2 ||z||/i?) 

16||/||fli?, 



7? 



p=0 



i? 



\2\P 
3 / I 



Nl 



R 



WvWooRnWzlW" ((l + \\v\U 2 Rr,/\\v\\oo) N -1 



(l + ||ry|| 00 ) 2 (l-2|| ?7 || OOJ R 2 ||z||/i?) 
If we set 

R = R V . K ■= 4(1 



^(l + N|oo) 2 |NI 

R 



oo) 2 Rl sup ||z|| , 



(l+|H|oo) a i2,/|M|oo-l 
N 



in particular 2||7y|| 00 i? 2 ||z||/i? I) ,x < 1/2 < 1 and 
(3.14) «, m iD../;.-v.M ^ 32^11/H^^ 1 



sup |i?Ar(/;77)(z)| < 

2 £K (1 + N|oor 4 iv JV^oo 



> o, 



and the proof of Theorem [T] is achieved. 



V 



Furthermore, (|3.14[) yields to a precision for the convergence of E^if', Tj). 

Corollary 2. Assume that {rij}j>i satisfies \1.8\) . Let be JC C O (C 2 ) (resp. 
K C C 2 J a compact subset. Then there exists Ck,,k such that, for all N > 1, 

sup sup \f(z) - E N (f;rj)(z)\ < ■ 
feKzeK 4 JV 

Proof. It follows from above and the fact that f(z) — Ejsr(f; T])(z) — i?jv(/; v)( z ) + 
Ek+i>N afc,l«i4. with k,il < Vi? > 1. 



4. Proof of Theorems [U and [3] 
4.1. Proof of Theorem [3] when {rjj}j>i is bounded. 
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4.1.1. An equivalent condition for {rj}j>i to be real- analytically interpolated. We 
begin with giving the following definition. 

Definition 2. The (bounded) set {r]j}j>i C C will be said of uniform exponential 
A if there exist C v , such that, for all subsequence (jk)k>i and for all p > 0, 



< C V RP. 



This condition looks like (|1.8p from Theorem [TJ with the difference that the 
constant R n does not depend on the subsequence (i]j h )k>i- This uniform condition 
for {^j} i j>i seems stronger, in particular as it is specified by the following result. 

Proposition 1. The bounded set {r]j}j>i C C is real- analytically interpolated if 
and only if it is of uniform exponential A. 

We begin with the reciprocal sense of the equivalence. 

Lemma 14. If {r)j}j>i is of uniform exponential A, then it is real- analytically 
interpolated. 



Proof. We want to prove that, for all Co G {Vj}j>ii there exist V G V (Co) and 
g G 0(V) such that, V r]j G V, rJJ = g(r)j). 

If Co is isolated, then Co = Vjo- L et be Ve V(Vjo) sucn that V <^{Vj}j>i = {Vj }- 
One can choose the constant function g(Q := rjf^. 

Otherwise Co is a limit point. Let be V — D(( ,l/(4 : R r] )) and let be {Vj k )k>i 
a sequence that converges to Co- We can assume that {Vjh}k>i C V (by remov- 
ing a finite number of points if necessary). Consider the Lagrange interpolation 
polynomial that is also by Lemma |4] 

N N 

ftto = E II ^-w, 

p=i fe=i,fe^p IJp IJk 

N-l p 

= J2 Ll> ^) A p.fep,-'7») (c ^ c) (»&„+!) ■ 

p=0 fe=l 

For all C G V and fe > 1, one has |C - rj jk | < |(C - Co) ~ (Vj k ~ Co)| < V( 2i ^) then 



E SU P 



fe=i 



p>o 

p>0 

2C,j . 



The series £ p > nLi (C - ) ^,(^,...,1,,, ) (C) (%,+! ) is absolutely convergent on 
V. The sequence (Pn)n>i uniformly converges on V to a function g\ G O(V). 
Moreover 



su P | 3l (C)| < 2C„ 



and for all fc > 1, 



iv— »oo iV— »oo. N>k 
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ie gi is a holomorphic and bounded function on V that interpolates the values rJJ^ 
on the points rjj k , k > 1 . 

Now if V (l{T)j}j>i — {Vj k }k>i, the function g\ satisfies the required conditions. 
Otherwise we set Si := (??j fe )fe>i, choose an clement r] P2 £ V \ Si and set S2 := 
(Vp 2 >Si) : ~ (Vp2 > Vji i • • ■ j 'Tj'fc >•■•)■ Then 5 2 C V is another subsequence of {f]j}j>i 
that converges to Co- One can construct the same sequence of Lagrange polynomials 
that converges to a function <?2 € 0(V) (since {rij}j>i is of uniform exponential 
A). With the same argument gi is bounded (by 2C V ) and interpolates the values 

W 011 thc p° ints Vp 2 ,Vh,---,Vj k ,--~ 

We can follow this process as long as there is rij G V that is not reached. If 
there is r > 1 such that S r — V n {j?j}j>i, the associate function g r will satisfy 
the required conditions. Otherwise we can construct a sequence (S r ,g r ) r >i with 
S r = (r]p r ,S r -i) and g r G O(V^), bounded that interpolates the values r^" on Sr. 
Since {i]j}j>i is countable, for all rjj G V, there exists r > 1 such that 77j G SV and 
Vs > r, 5 s (t7j) =g r (Vj) = Vj- 

On the other hand the sequence (g r )r>i is uniformly bounded on V (by 2C,,). By 
the Stiltjes-Vitali-Montel Theorem, there is a subsequence {g ri )i>i that uniformly 
converges on V to a function G O(^). So V/)j € V, 3r > 1, 77^ G SV and 

5oo(%) = lim ^(^j) = , hm g n {Vj) = Km Vj = Vj , 

I— ¥00 l— too, ri>r (—>-oo, r/>r 

ie the function interpolates the values rJJ on all the points r)j G V. 

v 

Now we prove the first sense of the equivalence. 

Lemma 15. If {r}j}j>i is real- analytically interpolated, then it is of uniform expo- 
nential A. 



Proof. For all ( G {Vj}j>ii reducing Vq if necessary, we can assume that Vq 
D((,3s^). Since 

WfiTi C |J D((,e c ) 



and {r]j}j>i is a compact subset, there exists a finite number £1, • • • > Cl such that 



L 



{Vih>i c (J^(0,e Ci )- 



!=1 



There also exists £0 such that, for all £ G {Wj}j>i, Bl, 1 < I < L, D((,eo) C 

Now we begin with giving the proof in the following special case. 

Lemma 16. Let be p > 1 and r]j 1 , . . . , rjj p+1 such that, for all 1 < k < I < p + 1, 

\Vjk ~~ Vji I < £ o- Then 3C V , e v (that do not depend on p), 

A P;(?7 . p j (C) {Vj p+1 ) 



< 



Proof. In particular, r]j 2 , . . . , f]j p+1 G D(T]ji 1 £ o)- On the other hand, 3 I, 1 < I < L, 
D(r]j 1 ,eo) C D(Q, e^). Since the function G {D((i, 3ef,)) interpolates the 7^ 
on the points r]j G D(Ci,3e^), one has 

A P,(v ]p ,- -,r hl ) (C C) (% P+1 ) = Ap,( Wp ,..., Wl ) (C SCl(O) fep+i) • 
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Let consider for all |C — 01 < 3e^, 

3o (o = J2 a ^tt-^y 



ri>0 



the Taylor expansion of on Q . Since rjj 1 , . . . , r]j , rjj +l € -D(0 , £fj ) > ^ follows by 
Lemmas [6] and [12] that 



< 



p-i 



z P =o 

J3— iiH h'p-i — (p+ip 



< E i«-(coi E \vn - Ci\ n - p - h • • ■ E K - - 01 

n>p ii=0 

n— p Zp— 1 

< £MG)IE-E* ft 

n>p ii=0 / p — 

n— p lp—i 

= E c E ■ • • E 1 = E mcoi c p 

n>p ii=0 l p — n>p 



^' \n>0 



1 



2in Ji t 



p\ (n — p)\ 

En>0 K(Q)\t n dt 



I*-Cj|=2c C i 



^ n>0 I 



< 2e^ sup 

\t\=2e (l 



En>0 MC0I 1*1" 2 



. - -^|a n (0)|(2e Ci r. 

n>0 



For alH = 1, . . . , L, we set 

M Cl := 2El«40)l(2eo)" < +™ : 



and 



Thus 



n>0 



C„ := max Ma < +oo 
' kkl s 



e, q := min<je /2, min f > 0. 



< 



V 



Now we can give the proof in the general case by induction on p > with the 
ove choice of C v , e v . 

Let be p = and ji > 1. Then 3/, 1 < Z < L, r] h G thus 

|Ao(C)fe)| = |?&rl = Isc, (»?«)! < EKte)lfe-Cd" 



n>0 
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Now if it is true for p — 1 > 0, let be p > 1 and t]j 1 , . . . , T]j p+1 £ {ijj}j>i- H f° r 
all 1 < k < I < L, \rjj k — rj^] < eo, then it is still true by Lemma [TBI Otherwise, 
3 k, I with 1 < k < I < L such that \r)j k — r]j l | > £q, then by Lemma[7] 



^■1% (?) fe P +i) 



< 



A p _i )(n . r) ..., % .j (?) (%) - &p-i,( Vir ,...,i, im ) (?) (%J 



Ap_i,( %r .,..., % j (?) + \Ap-i,to ir ,..., ntm ) (?) (*& 



2(7^/^ 

— — p~ ■ 

£o £v 



4.1.2. Proof of Theorem^ when ||?7|joo < +oo. Now we will give the proof of The- 
orem^ in the special case when {r/j}j>i is bounded. 

Proof. One has by (|3.4[) from the proof of Lemma [9j 

N-l p 

RN{f;rj){z) = J2 z 2~ 1 ~ P T[( Zl - r l3Z2)A P:{Vp ,..., m )((^r N ((,z))(ri p+1 ). 

P=0 3 = 1 



We know that VCo € {Vj}j>i,JW (o £ V(Co), 9c G 0(V Co ), such that V% € V Co , 
VI = 9Co(Vj)- In particular, Co = 5Co(Co)- Indeed, if Co isjsolatcd, Co = Vjo- 
Reducing V^ if necessary, one has {r]j}j>i (1 V( = {r/j } then Co = Vjo — 9 Co (v jo) = 
ffCo(Co)- Otherwise Co is a limit point so there is a subsequence (r)j k )k>i that 
converges to Co, then Co = hm*,-^ rj~ = Unife-^ gc (Vj k ) = .9Co(Co)- 

In particular, Co5Co(Co) = |Co| 2 > then reducing Vf if necessary, VC £ V$ , 
3?(C5Co(0) > — 1/2. Finally, reducing V£ again if necessary, one can choose V^ — 
Z)(Co,4£^ ) such that 



(4.1) 



'Vt7j £ V (a , rjj = gtoivj) , 
V(£V (01 »(Cp C o(C))>-1/2, 
,ll5Collv- Co :=su Pcey Co ISCoCOl < +oO' 



Now let consider for all C G V£ and z 6 C 2 
(4.2) r NXo ((,z) ■= E (t 



/ >\ \ m-iV+1 



+ Csco(C) 



m>N 

This function is well-defined for all N > 1, C G ^Co an( I z G C 2 since 



E 



Z2 + ZlffCo (0 

. l + C5<o(C) 



E afc ^ A 

k-\-l—m 



< 
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< 



< 



< 



< 



I 1 + C£7co(Oi ; k ^i m 



i*ii(i + ii5 Co ik : 



m-N+l 



ro tvV l»(l + (0)1 J k hm Rk+l 



2II/IU f 2 NI( 2 + IMI°°)(i + llscol 



rE 



V, 



<0' 



(2||.||(l+lkolkco)) JV - 1 J ^v^ R 

2\\f\\ R (2(2+h|| co )||z||(l + || 3Co || y<o )/i?) Ar 



(2|N||(1 + Ikolkjr- 1 1 - 2(2 + 11^00)11^11(1 + |kollvc )/Ji ' 
for all R > 2(2 + |M|oo)||*||(l + HffColkJ. Moreover r NXo € O (F Co x C 2 ) and for 



any compact subset K e C 2 and all R > 4(2 + ||r7||oo)||z|| at(1 + UsCollv Co )j 

S e U v/^ (( ' Z)l " 1-2(2+11^00)11^(1 + 11^11^)^1 « J 



(C,z)ev <0 xK 

(4-3) < 8||/|U||z|k(l + lkolkc 



2+NI 



Moreover, V»7j e V^ , 

( 4 - 4 ) r N (r)j,z) = r N £ (r)j,z). 

Now let consider the Taylor expansion of rjv ; f (-, z) on V^ , 

^Co(Cz) = ^a n (7V,Co,z)(C-Co) n . 



n>0 

One has, for all n > 0, 



|a n (JV,Co,z)| 

then 



2itt 7| C -Co 



M e Co (C-Co)" +1 



ll r JV,Co(-^)llv Co 



(3e C o)" 



sup |a„(7V,Co,z)| < 



It follows that 

sup^|a(7V,Co,z)|(2 £Co )" < Y,\\rN,Co\W (o xK (I 

z&K u>0 n>0 V ^ 

(4-5) < 3||f w ,Col|y C o x ^ = : M N,(o,K 



Since it is true for any Co € {?7j}j>i and {f]j}j>i is compact, there are (i, • • • , Cl 
such that 
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Moreover, there is eo > such that, for all £ e {Vj}j>i, 3 i, 1 < I < L, D((,eo) C 
D(Q,e Cl ). Set 

(4.6) M N K := 2maxMjv(,jf 

1<1<L 

and 

(4.7) e := min|l/2,e /2, i min i e Ci 
For all 

(4.8) R > 4(2 + ||r ? || 00 )P|| K ('l + i max.|| 9C! || yc V 

one has by (|4~3)) . ({475]) and (|4T6l) . 

Miv,^ = 6 max ||rjv,<;, || v f , xK 
l<i<L ,sl " Ci 

(4.9) < 4811/IUINkfl+max.ll^ll^) ( 2+ ^ l|o ° ) < . 
Now we want to prove by induction on p > that 

(4.10) sup |A P , (J7 m) (C i-> rjv(C,«))(»?p+i)| < — v^- 

If p = 0, let be such that 771 G D(Q,sq). One has 

sup |A (C H' rjv(C,2))(f7i)| = sup |rAr(?7i,z)| = sup \r N ,Ci(m^)\ 

z£K z£K z£K 



< 



\\rNXi\\v ( xK < M N ^i,K < Mn,k ■ 



Now if it is true forp > 0, let be 771, ... , rj p+ 2- If there exist 1 < k < I < p+2 
such that \rjk — r)i\ > £oj then by permuting if necessary the 77^ , 1 < j < p + 2, (that 
does not change A p+ i by Lemma[7]), we can assume that | — ?/p+i| ^ £ o- Then 

sup |A p+Mt?p+l! .... m) (C i-> rjv(C,z))(?7p + 2)| < 
zeK 



< sup z£g \ A pXnp ^. !Vl) (r N ((,z)){r] p+ 2)\ + sup z£g | A Mvp! _ m) {r N (C, z))(rj p+1 ) \ 

\Vp+2 -Vp+i\ 

< M NiK / £ p + M NiK /eP = M N , K /e p < Mjy, g 

£0 eo/2 " £P +1 

Otherwise, for all 1 < Z < fc < p + 2, |% — r)i\ < Eq. In particular, r] 2 , . ■ . , ?7p+i G 
D(t]i,Eq). On the other hand, 3^, D(rji,£ ) C £>(Cz, £<;,)■ Then Vz e X, one has 
by l|4.4|) . Lemmas 161 and IT21 



|A p+ i : (, )p+1: ...,, ;i )(rAr(C,z))(?7p+2)| 
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= \ A P+l.(Vp+u--;m)( r N,Ci((i z ))( r lp+2)\ 

n—p—1 Sp 

< e k(n,o,z)\ E ir?i-or p - 1 - si --- E \v P +i-(i\ sp - sp+i \v P+ 2-ci\ sp+i 

n>p+l si— Sp+i— 

n—p—1 Sp+i 

< Yl MKMiei-*- 1 E ••• E 1 

n>p+l S!=0 s p+1 =0 



n>p+l 

1 



(p + l)\(n-p-l)\ 
J2\a n (NXi,z)\? 



< 2e^ sup 
l*l=a=c, 



n>0 

E n > a K(NXi,z)\\t\ n dt 



1 

2iTT 



En>o\ a n(N,C h z)\t n dt 



\t\=2e Cl 



(t-e Cl y +2 



(K|-^) P+2 

It follows by 031), gH) and gZT|) that 



-p+i 



Ehn(iV,0^)l(2£ f! ) r 



'Ci «>0 



sup \A P+Uri i7ll) (r N (C,z))(r]p +2 )\ 



< 



< 



^supMiV,0,z)|(2£ C! r 



JP+l ^ , 

£ Cl n>0 z£K 



and this proves (|4.10l) . 

Then one has by (JH7J) and for all N > 1, 



JV-l 



sup | J R A r(/;z)(z)| < sup E N W 1 p ni Zl ~^' Z2 N A P^---^i)(C^MC^))(?7p+i)| 



ze_R" 



p=0 



i=i 



p=0 j=l 
AT-1 



v Mn,k 



< w^-^a+wvur^ = m n , k \\z\\ 



N- A(i + \\v\u/er -i 

* (l + IHUVe-l 



< 48||/|U(l + i max.|| 5ti || n! 



l^lk(2 + hl|oo)(l + lk/|loo)/£ 



It follows by (|4T8"j) that if we fix 



iZ = Rk ■= 4||^|k(2+h||oo)M i+max.lbcJkc, J /e, 



we get 



sup|JM/;z)(*)| < 4811/11^(1 + ^11^,11^,)^ 0, 
and the proof is achieved. 



V 
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4.2. Proof of Theorems [2] and [3l In this part we do not assume any more that 
{Vj}j>l is bounded, else it is not dense in C. Then 3r]ca € C, 3 V G V(j7oo), 
Vj > 1, T)j ^ V. We can assume that 7700 7^ 00 because otherwise it means that 
{Vj}j>i is bounded and the results we want to prove have already been proved in 
Section [3] and Subsection 14. II Then 

(4.11) 3e OD >0, Vj > 1, \rjj - ?7oo| > £00 ■ 

4.2.1. Proof of Theorem® Let consider 

(4-12) U Vao := - 1 f^f 1 V 

t/^ € W(2,C), ie 



(4.13) 
and 
(4.14) 



'/oo '/o 



1 



I ^00 ({21 - ??oo22 = 0}) = {Z 2 = 0} , 

\U*J{z 2 = 0}) = {z 1 -r ioo z 2 = 0}. 
We remind the definition of 9j associate to 7700 (Introduction, (|1.9p ). 

% - ??oo 

and we begin with this preliminar result. 

Lemma 17. The following assertions are equivalent: 

(1) the formula i?Ar(/;ry) converges for every function f € O (C 2 ) 

(2) B^oo (jz. {rij}j>i U {00} such that the formula Rn if', 9) (constructed with the 
associate 9j) converges for every f £ O (C 2 ) 

(3) Vr/oo ^ {^jlj^i U {°°}; ^ e formula i?jv(/;0) converges for every f G 
O (C 2 ) . 

Proof. We begin with reminding this equality (Introduction, Corollary [TJ : V/ G 
C(C 2 ), V7V > 1 and Vz G B 2 , 



jv Iff 

(4 - 15) S^-^^^y^n^ 



/(C)w'(0a«(0 



-^C 2 )(i- < C,^ >) 2 



R N {f^)(z)- 



dk,lZiZ l 2 , 



k+l>N 



with 
(4.16) 



9., 



JV 



II(Ci-%c 2 ) 



> e 



40 



AMADEO IRIGOYEN 



On the other hand 

N 



/(()w'(C)A W (C) 



-%C 2 )(i-<C^>) 2 



AT 



= n( zi_ ^ z2 ) x 

x lim 



/(^oc ^oc uj'iU^ U Voo C) A U Voo C) 



Y[(zi - rjjZ 2 ) x 
1 



AT 



x lim 



Since 



(^oo02 = 



?7ooCl + C2 



then 



^0 



1 



1 + |?7oo| 2 

1 

1 + l^ool 2 



[(»7ooCl + C2)(dCl - ^00^2) ~ (Cl - f7coC2)07oodCl + d C 2 )] 

[(1 + |r?oo| 2 )£dCT+ (-1 - l^oo l 2 )^ 



= -'(C) 



and 



One has also, V j — 1, . . . , N, 
Moreover, since U*^ e W(2,C), 



1 



v/l + l^ool 2 

?7oo - ??J 
V/I + I^ool 2 



- w (c) = -«(C). 

((»7oo - ^)Cl + (1 + W7j)C2) 

(Ci - ^c 2 ) • 



<t/^> = <u* ee c,u; eo u riao z> 

= <C,U Tloo z> 

and Vj = 1,...,AT, 

Zl - ?7jZ2 = z)l - f/rjoo z) 2 



?7oo - Vj 

v / i + W 



((t/^l-w^) . 
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Finally, since U*^ (§2) = §2, one has 



N 



II ((^.Oi-^C^Oa) 



J'=l 



AT 



hoc - %| 



L =1 |»7oo| : 



A 



n (Ci - ^< 2 ) 

i=i 



> e 



> £ 



A 



n(ci-^c 2 ) 



>e/C. 



A r 



/c N ■ 



It follows from (14.15)) that 



k+l>N 



k\ II dz\dz\ 



/(C)o/(C)Aw(C) 



-^C 2 )(i-<C^>) 2 



ftn((^ z )i-» 3 (^^)x 

1 /■ /(^O(-^(O)a(-^(C)) 



x lim 



(2*^) 2 7o i/Cjv c w nf=i(Ci - %c 2 )(i- < c,o*»* >) 2 



(/°[/*J(C)u/(OAu,(C) 



,C 2 )(i-<C,^>) 2 



1 <9 fc+i ( f oU* ) 

v 1 2 



fc+Z>AT 

Since /, / o £7*^ e C(C 2 ) and for any compact subset if C C 2 , U v<>o (K) is still 
compact, one has 



sup 



^ k\l\dz k Jz l 2 {Q)zklZ 



->o, 



and 



sup 



^ k\l\ 

k+l>N 



1 d k + l (f°U;J ^ nr ,u m a 



-> 0. 



Therefore Rn(/', v) converges for every function / e C(C 2 ) if and only if i?jv (/ ; 0) (•)) 
converges for every / g C(C 2 ), then if and only if Rn (/;#) converges for every 
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function / € C(C 2 ). Moreover, this equivalence is true for all 7700 </ {%}i>i U {°°}- 
This yields to (2)^(1)^(3) (and (3)^(2) since C\ {^}j>i 7^ 0). 

V 

Now we see that if | | < 2 1 7700 1 , then by (|4.11[) 



Id; I = 11 < 1 + 2 ^' 2 < +oo. 



Otherwise > 2)7700! then 

_ |^+1/%| < hoo| + l/(2|77oo|) 



2(17700 1 + 1/(217700 1)) < +00, 



131 |l-W»?il " 1-1/2 
as long as 7700 7^ 0; if it is not the case, one has \rjj\ > £00, Vj > 1, then 



It follows that 
(4.17) 



\0 \ - 1/M < 1/Eoo < +c 



|#||co = sup 1 6"j I < +00. 



On the other hand, if we admit that for 7700 = 00 (ie I^Hoo < +00) one has 



lim 



1 + ixijj 



>oo,a;>0 77; — IX 

then 8j — r\j. Moreover, if we more generally choose 



lim 



1 + e lv xrjj 



>oo,a;>0 rjj — e lv> X 



then 9,i = —e 2tv rjj and one still has 



A 



p,(0 p ,...,0i) 



c 



1 + ICI 2 

(4.18) 



A 



c 



c 



1 + ICI 2 



1 + ICI 2 
(Vp+i) 



This allows us to give the proof of Theorem [3J 



Proof. Let be 7700 </ {Vj}j>i U {°°} an d the associate {0j}j>i- We know by 
Lemma [17l that Rjy(f;ri) converges for every f £ O (C 2 ) if and only if so does 
R N (f;9), V/eO (C 2 ). On the other hand, {6j}j>i being bounded by (|4~T7l) . it 
follows by Theorem [1] that it is true if and only if 3 Rg, Vp,q > 0, 

9" 



A. 



C 



1 + ICI 2 



(6*p+i) 



< # 



P+9 



v 7 



Remark 4.1. It follows from (14. 18)) that Theorem [5] can be extended in the case 
when t/oo = 00 , so it is an extension of Theorem [TJ 
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4.2.2. Proof of Theorem^ We begin with specifying a point about a real-analytically 
interpolated set {r]j}j>i- 

Remark 4.2. If {t]j}j>i is not bounded, then (o = oo is a limit point. Let be 
{Vjk)k>i a subsequence that converges to oo, then from Definition [IJ 300(00) = 
lirrife-xx, 9oo(Vjk) = lim^oo r/j k = 00. It follows that the associate function g^ is 
holomorphic from a neighborhood of 00 to a neighborhood of 00, ie the function 



9oo ■ V Vq 

1 



C { 5oo(l/C) 

if C = 



if C 7^0, 



(with Vb, Vq € V(0)), is holomorphic. 

In Definition [l] we do not need to assume that {f]j}j>i is n °t dense. The 
following result specifies that it cannot be the case. 

Lemma 18. Let {r]j}j>i C C be any subset. If it is real-analytically interpolated, 
then it is not dense. 

Proof. On the contrary, assume that {t]j}j>i is dense. Then in particular is limit 
point. Let be the associate V € V(0) and g e 0(V). Then V C {i]j}j>i an d for all 
rjj close to one has 

Tj~ W fffa) -g(°) > ^£_(q\ 

Br, 

In particular 

1 



do 

= 1 then one has rr-fO) = e %e . We set 
dC 



P 

with p large enough such that w p G V. Let (Vj P )p>po be a subsequence of {?7j}j>i 
such that, for all p > po, w p € V and 



Rip 



I 

- v 



Then (since (Vj P )p>p converges to 0) 
e« = |(0) = lim ^ 

p^oo w p + (9(l/p 2 ) p^oo ie^ w / 2 + 0(l/p) 

and that is impossible. 

The following result will be usefull for the proof of Theorem [3] 



Lemma 19. Assume that {Vj}j>l is not bounded and real-analytically interpolated. 
Then for all ^ {Vj}j>i ^ e associate bounded subset {&j}j>i is real- 

analytically interpolated. 
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Proof. Let be any rjoc ^ {Vj}j>i (such an element exists by Lemma fTS)) . Necessarily 
Vco 7^ 00 • By definition, 9j — h(rjj), where 

(4.19) ft: C C 

rj^z + 1 
z i-> , 

z ~ ?7oo 

is homographic. In particular, ft is bicontinuous from C to C then there is a cor- 
respondence between the limit (resp. isolated) points of {r]j}j>i an( i the ones of 

{Qj}j>i- 

Now let be wq € {®j}j>i- 3 ! Co •= {Vj}j>ii w o — MCo)- One has Co = 00 if and 
only if Wo = rj^. First, assume that Co 7^ 00 an d let be the associate Vf Q £ V(Co), 
g Ca eO(V Co ). In particular, g Co (Co) = Co- One has, for all ^ £ V Co , 



On the other hand, one has 77., = ft 1 (9i), with 



Vj = h- 1 (9 j ), 

h- 1 : C ->■ C 

rjocW + 1 



w 1 ^ 



W - ?/oo 



Notice that ft 1 (w) = ft (w), then 

57 - ($&(%))■ 
Finally, for all 6 5 £ (ft -1 )" 1 (V (o ) = h{V Co ), 

(4.20) 6] = ft" 1 [ 3Co (ft" 1 ^-))] • 

Since dist ({?7j}j>i, ?7oo) > £00 and w ^ 77^7, then 3 V Wo £ V(w ), V«J G Ku 0) it; 7^ 

77^. One the other hand, g( ((o) = Co 7^ ^00, then by reducing Vq q if necessary, one 
can assume that, VC S Vf , ffCo(C) 7^ Finally, 3 lf mo , Vro € W Wo , h^ 1 (w) £ V$ . 
This allows us to define 

g WQ ■ W Wo -> C 

w 1 ^ ft" 1 [ 5Co (ft'V))] , 

the composed function of 

W«o ^0 A C\{r^}\ /C\{^"} -> C 

ui H> ft-»J' ^ C 5Co(C) J V « ^ ft" 1 ^) 

It follows that g Wo is holomorphic and satisfies by (|4.20[) : V9j£ W Wo , g Wo (9j ) = 9j . 

Now assume that Co = 00 (then wq = rj^) and let be the associate V<x> £ V(cx>), 
<7oo : Voo — > C, holomorphic that satishes: Vr/j £ Voo, r}J = goo(Vj)- On the other 
hand, let be W ,V £ V(0) such that 

(4.21) g^ : Wo -> V 

\ I if C ^ 0, 

C ^ < .9oo(l/C) 

1 if c = o, 
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is holomorphic. By reducing Vq and Wo if necessary, one can assume that, VC G 
W o \{0}, 1/CeFoo andVwe V , l-r^itf^O. 

Now let be Woo € V(oo) such that Woo c Voo, ^ Woo andVC G Woo, 1/C G Wo- 
Since we still have, Vr/j G Woo C Voo, 

3 gooivj)-^ i-^/ffoo(%) 1-^5^(1/%)' 



and 



r/oo^j + 1 



we get, for all 8j £ /i(Vco), 

(4.22) 07 = ^ 
with 

(4.23) /loo : C -> C 

?7oo + w 



1 — Voo w 



In particular, the restriction : Vq — ¥ C, is still holomorphic. If we choose 
Vjf^ G V(ryo7) such that C /i^oo) and, Vw £ V^- , one has l//i _1 (w) = 

€ vVo and /i(u>) = G Woo, the function 

77ooW + f w - ?7oo 

(4.24) ff _ : y_ ^ C 

w i-> < L _ 

l^oo(3oo(0)) = ryoo if w = ffco, 

is holomorphic and satisfies by <|4.22p : M 9j £ V^— , g—(9j) = ^j- 



Remark 4.3. We could also prove that the assertion is reciprocal but it will not be 
usefull for the result that we want to prove. 

Now we can give the proof of Theorem [3J 



Proof. Let {r]j}j>i be a real-analytically interpolated subset. If it is bounded, then 
Theorem [3] follows by Section [4j Subsection l4.ll Otherwise, we know by Lemma [T8l 
that {r]j}j>i cannot be dense, then there is 7700 ^ {Vj}j>i U {°°}- Let consider the 
associate bounded subset {0j}j>i- Thus by Lemma II9[ {&j}j>i is bounded and 
real-analytically interpolated. It follows by Subsection 14. II that Rn{I', &) converges 
for every function / £ O (C 2 ). Finally, by Lemma [171 i?Ar(/;?7) (then E N (f\rj)) 
converges for every / £ O (C 2 ), and the theorem is proved. 

V 
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5. A COUNTEREXAMPLE 

Let consider the subset R U iK. It is a union of real- analytical manifolds of C 
(R and «1R), but is not a manifold (problem on 0). Here we will deal with which 
can happen when the sequence {ijj)j>i converges to without staying in one or the 
other line (see Introduction) and show the following result. 

Proposition 2. There exists a (bounded) subset {nj}j>i C KU il that does not 
satisfy the condition il.8\) . It follows by Theorem[l\that there is (at least) a function 
f € O (C 2 ) such that the formula E^(f] rf) cannot converge. 

We begin with the following result that gives the construction in a more general 
case. 



Lemma 20. Let f be a function of class C 2 in a neighborhood V of and that is 
not C-differentiable on 0, ie 

%(0) ^ 0. 

Then there exists a bounded sequence {f}j)j>x C lUiR such that, for all p > 1, 

| A 3p-l,(»,3 P -i,...,rji)(C , -> /(C))(*?3p)| > P" ■ 

Proof. For all differents and nonzero r/i , . . . , ij p 6 RUzM, the function £ H> ^p,(n P ,...,m)(f)(0 
is still of class C 2 on V \{rji, . . . ,r) p }. Moreover, 



d_ 



[A P (/)] (C) 



A^xCfXO-A^Cf)^) 



d_ 

1 d 



[Ap-i(/)] (C) 



d 



(t - Vp)(( ~ Vp-i) ■■■((- Vi) d( 
df 



[Ao(/)] (0 



(0 



(C-Vp)---(C-m) 



Now let be »7i, . . . , r) 3p _i,r] 3p all different and nonzero, and let be rj 3p+ i £ (RUiM) fl 

df 

(V\{0, m ,..., mp }). Since -4(0) ^ 0, one has 



-=[A 3p+1 (/)] (0) 



d -l(o) 
dC 



{-m P +i){-V3 P ) ■ ■ ■ (-m) 

-1 df, 



(0) 



Vl ■ ■ ■ V3p V3P+1 d( V3p+i 



-> oo . 



-X) 



Let hx n 3p+1 e K U iR with < |r?3p+i| < mini^^ |ry,-| (then n 3p+1 e V \ 
{0, rji,..., 7?3p}) and such that 



(5.1) 



J=[A 3p+ i(/)] (0) 



> (p + l) p+1 + 1 . 
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Now for all f?3 P +2 , V3p+3 £ RU iR, different and such that < |?73p+2|, |??3p+2| < 
mini<i< 3p+ i \rn\, one has 



(/)(%p+3) = 



)(/)(%p+2) ± ^3p+l,(773p + l,...,77l) (/)(0) 



1 



%p+3 - f?3p+2 
1 

%p+3 - ??3p+2 



V3p+3 ~ ?73p+2 

r ?3p+3 _A 3p+1 (/)(0) +7^3"-=A 3p+ i(/)(0) + 0(^+3) 
7?3p+2^A 3p+ i(/)(0) +7^-=A 3p+ i(/)(0) + 0( % 2 p+2 ) 



— A 3p+ i(/)(0) + 

OC %p+3 - ??3p+2 d( 



%p+3-%p+2 9 0(?7| p+3 ) + 0(?7| p+2 ) 



3p+l 



(/)(0) 



??3p+3 - f?3p+2 



On the other hand, since A 3p+1 (/)(£) is of class C 2 on V \ {rji, . . . , ?73 P +i}, there 
is s p+ i > small enough with < e p+ i < mini<i< 3p+ i \rn\, D(0,e p+ i) C V, such 
that 



M p+1 := 



sup 

0<|C|<£ P+ 1 



o(C 2 



< +oo 



(e p +i and M p+ i will only depend on / and rji, . . . , r/3 P +i)- 

d 

Now we assume that — A 3p+ i(/)(0) ^ 0. Then 



— A 3p+ i(/)(0) 
^A 3p+ i(/)(0) 



d_ 



A 3 p+i(/)(0) 



d_ 



A 3 p+i(/)(0) 



e l<P2 



3p+l 



(/)(0) 



^A 3p+1 (/)(0) 



.if 



Three cases can happen. 



(1) If e je = 1, we choose m P +2 , V3p+3 € M with 7? 3p+3 
|%p+2| = |%p+3| < min(e p+ i, 1/M p+1 ). One has 



-%p+2 and < 



0(% 2 p + 3) + 0(% 2 p +2 ) 



?73p+3 - V3p+2 



2M p+ i +2 

^l?73p+2| 
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then by ([57T]) 
|A 3p+2 (/)(77 3p+3 )| > 



|a 3p+1 (/)(0) + ^P + 3-^ +2 | A (/)(Q) 
%p+3 - %p+2 d( 



V3p+3 - V3p+2 



> 



|;A 3p+1 (/)(0) + J=A 3p+1 (/)(0) 

^A 3p+1 (/)(0) 



> 



|=A 3p+1 (/)(0) 
J=A 3p+1 (/)(0) 



d 



^A 3p+ i(/)(0) + J=A 3p+1 (/)(0) 



1 > (p + l) p+1 . 



(2) If e %e = -1, we choose m P +2,V3 P +3 € * with 77 3p+3 = -r] 3p+2 , < 
|»?3p+2l = l%p+3| < min(£ p+ i, l/M p+ i), such that 



V3p+3 — V3p+2 



< Mp + i|77 3p+2 | < 1 



then by ((57 
|A 3p+2 (/)(77 3p+3 )| > 



|:A 3P+l(/ ) ( o) + ; 3p+3 "; 3p+2 |a 3p+1 (/)(o) 

0( V3p+3 ~ V3p+2 d( 

d d 



^-A 3p+1 (/)(0)--=A 3p+1 (/)(0) 



- 1 







-A 3p+1 (/)(0) 



J=A 3p+1 (/)(0) 



|=A 3p+1 (/)(0)-|=A 3p+ i(/)(0) 



(9 



-=A 3p+1 (/)(0) 



-1 > (p+1) p+1 . 
(3) Otherwise e l6 ^ ±1, ie e 10 = cos# + isin6* with sin 9 ^ 0. We choose 



7?3 P +2 := r p+1 cos(0/2) 
^3p+3 := Wp+i sin(6»/2) 

., , p +i < min(e p+ i, l/Af p+ i). Since 9/2 ^ (mod ir/2) then 
% P +2 , %p+3 are nonzero and different. One has 



with < r p+ i < 
V3p+2,V3 P +3 are e 

0(^ P+ 3) + OK+2) 



V3p+3 - V3p+2 



< M P +i(r p+1 cos(fl/2)) 2 + M p+1 (r p+1 sm(9/2)f 
\r p+ i cos(0/2) - ir p+ i sin(0/2)| 



M P +i^p+i 
r P +i 



= M p+1 r p+ i < 1 . 
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On the other hand, 



V3p+3 " V3p+2 

V3p+3 - r]3p+2 



—ir p+ i sin(0/2) — r p+ i cos(0/2) 
ir p+ i sin(0/2) — r p+ i cos(#/2) 
cos(0/2) + isin(0/2) ig 
cos(<9/2) -isin(0/2) 



It follows by (|5H that 
\A 3p+2 (f)( mp+3 )\ > 



|a 3p+1 (/)(o) + ; 3p+3 "^ +2 |a 3p+1 (/)(o) 

OQ V3P+3 - V3p+2 d( 



0_ 



A 3p+ i(/)(0) 



> 



|=A 3p+1 (/)(0) 
^A 3p+1 (/)(0) 



e* e -= A 3p+1 (/) (0) + e* e -= A 3p+1 (/) (0) 



1 > (p + l) p+1 



- 1 



9 



Now if — A 3p+1 (/)(0) = 0, one still has for example 



— A 3p+1 (/)(0) 



0_ 



A 3p+ i(/)(0) 



J=A 3p+1 (/)(0) 



-=A 3p+1 (/)(0) 



and we go back to the first case that is already done. 

Finally, there are r] 3p+1 , r) 3p+2 , i]3p+3 € RUiR, different withO < |%p+i|, |»?3p+2|, \V3 P +3\ < 
mini<i< 3p \r)i\ and such that 



(5.2) 



| A 3p +2,(»?3p + 2,---,'Jl) 



This allows us to construct the sequence (r]j)j>i — ( 7 l3p+ii r l3p+2,V3p+3)p>Q by 
induction onp> 0. We begin with 171, 772, % € (KU iR) n V, different and such that 

|A 2 , to) (/)(%) I > 1. 
Now if we assume having constructed 771, ... , r] 3p _i,r] 3p such that, V j = 1, . . . ,p, 

lAsi-i,^.!,...,^/)^)! > f , 

we can construct ?7 3p +i, ?y 3p +2 and r? 3p + 3 , different, distinct from r)i , . . . , Tj 3p and 
that satisfy by (fO]) 

and this proves the induction. On the other hand, the sequence {r]j)j>i is bounded, 
thus the proof of the lemma is achieved. 

V 

Remark 5.1. We can also construct (rjj)j>i such that it converges to 0. Indeed, in 
the proof, we can also assume that < |?7 3p +i| < min (mini<i< 3p \rji\, l/(3p+ 1)). 
Since by construction < |j7 3p+2 |, |?? 3p + 3 | < |f?3p+i|, then linx,-^ Tjj = 0. 

Now we can give the proof of Proposition [2l 
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Proof. We consider 

c 



/(C) 



i + ICI 2 i + CC' 

Then / e C°°(C) andVCe C, 

dff* i + ICI 2 -CC i 



■(C) 



dC^' (i + ICI 2 ) 2 (i + ICI 2 ) 2 
df 

In particular, -^(0) ^ 0, then / satisfies the conditions of Lemma EDI It follows 
<9C 

that there is a (bounded) sequence {rjj)j>\ C MUiR that satisfies: \fp > 1, 



> P p - 



Therefore the condition (jl.8[) of Theorem [T] is not satisfied with {r)j}j>i since there 
cannot exist R > 1 such that, for all p > 1, one has 
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